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1- Introduction

One of the main tools in statistical process control is quality control chart. The purpose
of using quality control chart is to monitor the production process and find the situations
that process is out of control. Shewhart [1] was the first person who proposed the idea
of X control chart for monitoring the process mean. For constructing the control charts,
one needs the sample size (n), sampling interval (h) and control limit coefficient (L) to
be specified. These parameters are name design parameters. Doing of obtainment, the
optimal values for design parameters due to conception four strategies: heuristic,
statistical, economic and economic-statistical designs. Decision parameters affect the
false alarm rate, power, cost, and ultimately user confidence. In economic and economic
statistical design, decision variables are calculated by minimizing the expected cost per
unit time.

The first study of the economic design of control charts was created by Grishik and
Robin [2] and Duncan[3]. they developed an economic design model of the X control
chart. Duncan formulated a mathematical model of the X chart as a function of the
design parameters that land to minimize the average cost of a process. In 1971, Duncan
generalized his cost model to situation there were multiple assignable causes. He
assumed that the time of occurrence of the assignable causes were independent and he
assumed shock model had negative exponential distribution. Gibra [4] and Montgomery
et al [5] used Markovian distribution as a shock model. baker [6], Heikes et al [7],
Montgomery and Heikes [8] presented an economic design. They used non-Poisson
distribution as a shock model and they assumed after true or false alarm, system re-

newed and worked in control situation.
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Lorenzen and Vance [9] expanded Duncan’s economic model, they proposed a unified
approach to economic control chart design. For obtained a suitable loss cost, they used
type | and Il probability of error and average run length (ARL). In 1993, Rahim and
Banerjee[10] developed a generalized model for achieving optimal design parameters in
any high risk distribution. They used Weibull distribution as a shock model also for first
time they used non-uniform sampling interval.in other hand, they show that, their model
has less cost than Hou [11] economic design with uniform sampling interval.
saadatmelli et al [12] used economical-statistical design for X control chart under Burr
XlI as a shock model and non-uniform sampling interval. they demonstrate that their
model is more suitable than uniform sampling interval.
Heydari et al. [13] used Burr XII as shock model for economics statistical design when
exist only one assignable cause.
In 1990, Koo and Case [14] used Duncan model for the X control charts. In 2010, Yang
et.al [15] extended Koo and Case’s model for multiple assignable causes under the ex-
ponential shock model. Chen and Yung [16] used Koo and Case’s economic design for
Moving Average (MA) control chart to monitor quality characteristics of raw material
or products in a continuous process when the process-failure mechanism follows a
Weibull model. Yu and Wu [17] modified Koo and Case’s economic design to the Vari-
able Sampling Intervals (VSI) type. These studies assumed that the probability of the
assignable cause exponential distribution and the process-failure mechanism had a fixed
hazard rate.
This paper, however, focuses entirely on continuous flow processes. We will study the
economic design of X control charts for a continuous flow process under Burr X1 shock
model with one assignable cause by using Rahim and Banerjee’s model. Burr XII has a
flexible hazard rate. However, we assume that design sampling is not uniform.
In Section 2, we will provide some basic information about continuous flow processes
and the assumptions surrounding the model under study. In section 3, we will analyze
these assumptions in order to use them in the section for the purpose of driving E(C)
and E(T) formulas. In section 5 we study matched case and compare this model with
economic design. In section 6 and 7 we will present a numerical example and sensitive
analysis. Conclusions are drawn in the last section.

2- Continuous flow processes
Continuous flow processes are used in batch processes such as those encountered in re-
fining, chemical processing, cement processing, and mining. These processes are differ-
ent from discrete processes because in continuous processes, there is no well-defined
production unit. In continuous flow processes, X control charts show a different mean-

ing of g subgroup in which the n samples are not pulled all at one time. The n samples
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were not taken all at once because the output would not be relatively homogeneous. If n
samples had been taken differently, this would have resulted in subgroup ranges of near
zero (Brooks and Case, 1986). Rather, the samples are taken from the process at inter-
vals of hi hours, and their analytical results are combined with the subgroups of size n,
so that they can be measured in average and match into the X chart. Figure 1 shows

sampling and plotting the X control chart from a continuous flow process.

SR
e e .

W1 Wi Wa Wrel-- Wi Mg lm Wigleel - Wiglnm

(@

vcL
o~ _—* cL

\.\./ oL

®)

Figure 1: (a) sampling from a continuous flow process, (b) plotting X chart

3- Definitions

In this section, we will introduce the following assumptions and definitions to achieve
the expected cycle length and the expected cost cycle.

In this model, we assumed that an assignable cause affected the process and the occur-
rence time of the assignable cause follows Burr XII distribution with cumulative distri-

bution function, density function and hazard rate as below:

Fx)=1—(1+ (’S—C)C)—k @)
RO @
X)=—"F—
s(1+ (g) )kl
and
ck G
r(x) = —x——— (3)
S 1 + (E)C

If C >1 the Burr hazard rate function is increasing, also, if C =1 the Burr hazard rate
function is bathtub and for C<1, the Burr hazard rate function is decreasing. The kind of

Burr hazard rate shows in Figure 2.
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hazard for Burr Xll,c=1 (a) hazard for Burr Xll,c=0.5 (b)
08 3
0.6 \. )
% o K %
1
02 x\
0 0
0 20 40 60 0 20 40 60
X X
hazard for Burr Xll,c=1.5 (c) hazard for Burr Xll,c=5 (d)
038 3
0.6
2 /N
= f, = [
F 04 \ F [
1
02
ff
0 0
0 20 40 60 0 20 40 60
X X

Figure2: Plots of the hazard rate function; (a) Decreasing, (b) Upside-down bathtub, (c)&(d) Increasing

Also, the process begins by the in-control state until the mean process shifts to
U = Uy + 80y, Where u, is the mean, g, is the standard deviation and § is a shift pa-
rameter. The process is being monitored with simple random samples each of size (n) at
times hy, hy +hy, hy + hy + hs, ..., where h; is the j™ sampling interval and
w; = Z{zlhi,j=1,2,... and w, = 0. The Purpose of a non-uniform sampling interval is
maintaining a constant integrated hazard rate over each sampling interval for the Burr

XII distribution. This means that the h;’s are selected so that at any intervals:

[Irdt = [ rdt, =12, @)
J

Equivalent

1=F(w)) = (1 -FW)),j=1,2,...; (®)
Then w; can be obtained as follows:

wi = s((@+ (&) - DY j=1,2,...; (6)
Indeed, the time to analyze the sample and chart is negligible and the process stops
during the research and repairs. At any time between each interval, the process has a
chance of shifting to the out-of-control state. The probability of a shift to the out-of-

control state in the m" interval is:

P(shift between w,, & Wy, ;1) = f:m“ f©)dt = FWyppq1) — F(Wy)

=q"(1-q) 7
Where
R\
g=(+ (?) )+ (8)

Furthermore, p;(j = 1,2,,...) is defined as the probability of shifting to the out-of-

control state between the j" and (j+ 1)™ sample within a subgroup:
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P 1-q)
1-qg"

©)

p;=P(w; <T <wjp1) + P(Wyyj < T < Wiajir) + P(Wopaj <T < Wopyjur) =
Let 7 be the expectation duration of the in-control period within the j sampling interval,
then we have:
T = S5n [t = wng ) (D)

(k- Dr(i+) @0

_ c n
= sk T D —-s(1-qMA(q)

where
AGO) = To,x"9(q K — 1)1V, [x] <1 (11)
4. Cost function in the case of non-uniform sampling

Each process starts from the in-control state and when the assignable cause occurs, it
goes to the out-of-control state and after repairing the assignable cause, the process re-
turns to the initial state. This cycle is called the quality cycle and its model follows the
form of a Renewal Reward Process where the average cost per unit time for the cycle
E(A) is calculated by the average cost per cycle E(C) divided by the average time per

cycle E(T). Then average loss cost per cycle is

E(T) (12)

To compute E(C) and E(T), we need the probability error type | and probability error

type Il
The probability of error type I, a, is:

a = P(exceeding in control limit|process is in — control) = 2®(-L) (13)

And the probability of error type Il, ;, is:

B; = P(not exceeding control limit|process is out of control) = ®(L — 5\/71_)— O(—L - 6yn) (14)

Also, when a shift occurs immediately after the g subgroup and the j" samples have
been taken, the g+1% subgroup will have the j™ samples taken from a process operating
at mean X and n-j samples from the process operating at x + o .

(n—j)éo

W= ot (15)

The probability of an out-of-control state being detected in this case is:

Y O (o )L I L)
y=1 CD<L v )+q>< L 7 ) (16)

where ®(.) is the cumulative standard normal distribution.
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Notation
Time and cost are two important factors in the model.
Time parameters
To: Average time to search for the false alarm.
T, : Average time to discover assignable cause once it is detected by control chart.
T,: Average time to repair assignable cause after it has been discovered.
Cost parameters
Co : Average cost per unit of time while the process in control.
C; : Average cost per unit of time while the process is out of control owing to occurrence the as-
signable cause.
Y : The average cost per false alarm when the process is under control.
w: Cost to locate and repair assignable cause.
a : Fixed sample cost.

b : Unit sample cost.

For calculating E(C) and E(T) we have the cycle in Figure 3.

False alarm Assignable cause
detected

start Assignable Out of control End of
cause detected cycle

N W B .

& r @
| AVGOOCT | Z 42,

In control state

Figure3: cycle process

Figure3: cycle process
We have following situation:
a. The expected time for in-control state, where it is mean distribution
M(k — DI(L+2)
I'k+1)
b. The probability that the first subgroup following a shift will detect a process

(A7)

He = sk

change is:
vPa-9
. q —q
=y A0, )
c q
j=0

c. The probability that the first subgroup following a shift detect the process
change is p. After the occurrence of the assignable cause, the probability that
it will be detected on exactly the r'™ subgroup taken after the shift is

p r=1

A-pA-PF™* r=2 (19)
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d. The expected time of subgroups taken between the time the process shifts

out-of-control and the subgroup is completed which will detect the shift in the

process
Z J- f(t)dt)(wn(ngl) ng) Z Z J- f(t)dt) (Wn(g+1) - an)( 1- p/)
g=0  "Wns g=or=z "*n (20)
(1 - B)pr-2= L y(q) + L-LADAD ‘”( ;%A(q)) —s(1-p)(1 - qMAq)

e.  The expected time for out of control state and remove the assignable cause is

_ _ :S(l—q") 7 _ any _ _
AATS = A— 1= (1 - g™ — (1= B))A(9)

s(1-¢™M-p)1-B) L (1)
LT (3”) T He
f.  Let ryis the expected sampling number when the process is in-control:
® n
n=_= —q")zgq"g =T
= 1-¢q (22)
g. The expected sampling number to find the false alarm is ar,, then the ex-
pected time of finding false alarm is Tyar;.
h. Therefore the expected of cycle length is
I'(k — %)I‘(l + %) 23)
i To compute the expected cycle cost per hour (E(C)), we have
The expected cycle cost in-control state is
1 1
Cskr("‘E)r(”E) (24)
0 r'k+1)
ii. The expected cycle cost in out of control state is
C,AATS +w (25)
iii. The expected sampling cost is
(a+bn)(r +1y) (26)
Where r, is the expected sampling number when the process is out-of-control.
RN , _ 1-p
=) ( j " FO) Wiy = wig) (5 + dra-pa-pE =1+ =5 27)
= Wng r=2
iv. The expected cost for finding false alarm is Yar;
Therefore the expected cost cycle is
1 1
rlk-g)r(1+g) 28)

E(C) = Cosk + CLAATS + w + (a + bn)(r, +13) + Yar

rtk+1)
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Then we use (12) and we have

F(k—%)]“(1+
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EQC)  Dosk——FGFn

1
C) + D,AATS +w + (a+ bn)(r, + 1) + Yary
(29)

E(A) =E(T) =

5. Numerical example

1 T
rée—Sra+d
k=T

+ AATS + Zoarl + Zl + ZZ

In this section, we will find the optimal design parameters n; h; and L by minimized cost

function. As mentioned in the previous section, the parameters involving the expected

loss-cost model can be classified into cost parameters, time parameters, Burr XI1 distribu-

tion parameters (c,s,k) and design parameters (n,h,L).

The parameters involving the expected loss-cost function (E(C)) can be classified into
cost parameters ( Cy, C;,w, a, b.y ), time parameters (T,, Ty, T,), shift parameters (&), Burr

XII distribution parameters (c, s, k) and design parameters (n, hy, L). We used following

values for parameters. Table 1, illustrate fixed parameters.

Table 1: fixed parameters.

W=1100
Y=1100
a=7
b=10

Ty = 0.75
T, =1.25
T, = 1.75

Co =50
¢, = 400
5§=05
k=15
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6- Sensitive analysis
For a more accurate study, we make use of the sensitive analysis. By using table 1, Table
2, presents the optimal values for the design parameters with loss cost.

Table2: Optimum design parameters (C and S changed)

run c s n hy L ECT

1 6.00 90.00 4 33.65 1.47 119.58
2 6.00 76.78 4 30.08 1.33 125.06
3 6.00 71.25 8 25.32 143 127.26
4 6.25 83.28 8 29.38 1.57 119.91
5 6.54 70.00 4 27.44 1.75 126.08
6 7.11 81.50 15 32.06 1.42 116.69
7 7.25 70.00 13 28.74 143 120.93
8 7.50 75.40 16 31.09 1.48 117.78
9 8.00 70.00 14 31.20 143 117.54
10 8.00 81.85 13 36.13 1.45 111.92
1 8.00 90.00 14 39.14 1.47 109.10

Table 3 shows that the range of fixed parameters in tablel.

Table 3. Fixed parameters range

Name Type Low Actual High Actual

C Numeric 4 6
S Numeric 70 90
a Numeric 7 11
Numeric 10 15
D, Numeric 30 70
Y Numeric 1000 1500
Zy Numeric 0.75 1.25
Z, Numeric 0.75 1.25

Using values in Table 1, the impact of the fixed parameters on the design parameters and loss cost
will be discussed. We use Taguchi OA methodology design here. Table 4 presents the optimal val-
ues for design parameters when loss cost for negative exponential is selected as prior distribution.
This table present that when we used uniform sampling interval, the loss cost function (ECT) and L

increased. In another hand, n and h decreased.
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Table 4. The optimal parameters obtained by Negative Exponential dist.

Non-uniform uniform

c S a b y Co T0 T1 n hy L ECT n h L ECT

6 90 11 10 1500 30 1 1.25 4 36.07 1.52 105.22 3 156 438 477.23
6 90 7 12 1200 50 1.25 0.75 6 31.42 1.81 121.6 3 162 453 48184
6 90 9 15 1000 70 0.75 1 7 34.56 1.29 137.11 3 145 447 51847
6 70 7 10 1000 30 0.75 0.75 7 25.62 1.69 109.08 4 112 457 481.11
6 70 11 15 1200 70 1.25 1.25 5 29.56 1.43 147.83 3 131 454 52922
6 90 7 15 1500 50 0.75 1.25 6 34.8 1.48 124.33 3 155 4.66 479.28
6 90 11 12 1000 30 1.25 1 8 33.71 1.27 99.8 4 183 452 451.59
6 90 9 10 1200 70 1 0.75 6 34.32 1.47 136.22 4 211 471 510.27
6 70 9 12 1500 50 1 1 6 27.02 1.68 132.73 4 125 463 507.63
4 90 7 12 1000 70 1 1.25 4 23.27 1.22 150.89 2 131 411 51896
4 70 7 15 1200 30 1 1 5 19.43 1.06 134.9 3 096 3.96 509.45
4 70 9 10 1000 50 1.25 1.25 3 21.13 1.13 143.41 2 127 4.06 51275
4 90 9 12 1200 30 0.75 1.25 5 18.28 1.86 125.09 4 111 467 84/484
4 90 7 10 1500 70 1.25 1 6 21.13 1.49 156.29 4 118 463 523.73
4 90 11 10 1200 50 0.75 1 4 24.66 1.22 138.85 3 128 412 50886
4 90 11 15 1000 50 1 0.75 8 219 1.02 138.4 5 118 3.87 509.12
4 70 11 12 1500 70 0.75 0.75 8 16.58 1.48 171.01 5 092 461 52091
4 90 9 15 1500 30 1.25 0.75 2 29.74 1.08 128.97 2 101 391 49063

Table 5 presented the significance of design parameters. In table 5, sample size (n) and control limit
coefficient (L) are not mentioned. The above equations and Table 4 show that the optimal value of
h, is dependent on c; also the optimal value of E(A) is dependent on ¢, s, Dy, Y and b. This equation
shows that E(A) increases by ¢ and Y and decreases by b, Dy & s.

For enhancing the effect of the parameters, we study the sensitivity of the designs and corresponding
optimal values of the Burr XII distribution parameters. At first, we investigated the influence of
changes in each of the Burr parameters on the optimized values and design parameters. Table 6, 7
and 8 show the effect of changing the parameters k, ¢ and s on the optimal values of the designs, re-
spectively.

Table 5. Fixed parameters significant

Source p-value(h,) p-value(E (A))
c <0.0001 < 0.0001
<0.0001 0.0003
a 0.7802 0.3189
b 0.1193 0.0178
Dy 0.0790 <0.0001
Y 0.8106 0.0033
Zo 0.6218 0.1976
Z1 0.7070 0.1897
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Table 6: Optimum design parameters when ¢ is changed

c § ‘ n h1
: = = 2 18.56
4.37 70 10 2 23.14
4.68 70 10 4 21.88
5.25 0 0 : 228
o2 o 10 5 22.67
o o 10 5 19.2
: o 10 2 3241
5.15 70 10 6 23.27
4.74 70 10 8 20.06
6.5 70 10 7 28.99
140.00- Tt e —

Figure 4: Optimum design parameters when c is changed
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ECT

146.164
142.874
137.835
131.305
134.996
139.616
126.92

132.36

136.091
122.357

Table 6 and Figure 4 illustrates that with the increase in c, cost function decreases but design param-

eters do not change significantly.

Table 7 and Figure 5 shows that with the increase in k, cost function and design parameters do not

change significantly.

Table 8 and Figure 6 illustrates that, when & increases, cost function decreases but design parameters

do not change significantly. In each table, one of the Burr distribution parameters has been changed.

The results illustrate all design parameters. Also, in order to avoid the influence

Table7: Optimum design parameters when k is changed

k S c
12 70 7
14 70 7
10 70 7
11 70 7
15 70 7

9 70 7

8 70 7

7 70 7

6 70 7

5 70 7

VFeo lansli -Y o kol -1) ol

n
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hy

32.98
31.05
30.56
3331
29.19
29.83
31.37
31.52
33.44
31.52

L

1.29
1.38
1.43
1.29
1.57
1.65
1.44
1.55
1.43
1.97

ECT

120.864
121.333
119.558

120.49
121.725
119.469
118.568
118.169
117.534
121.184
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n
==
A o~ - b --L
120,00 . ————
el i —- ECT
*n
&
sL
100,00 * Ecr
80.00
@
32
5 |
T 6000
40,00
. CEEE
#* R .,
20.00
p— S S
e Tl
00

T T T T T T T T T T
500 €00 700 00 900 10.00 11.00 12.00 1400 1500

k

Figure 5: Optimum design parameters when k is changed

Table 8: Optimum design parameters when & is changed

hy L ECT

§ n
0.3 5 29.12 1.48 134.002
0.5 5 30.8 1.42 122.301
0.75 4 30.03 1.83 111.919
1 5 28.2 2.29 103.979
1.25 5 28.77 231 98.514
15 5 28.79 2.47 95.292
1.75 5 28.86 2.56 93.272
2 5 27.98 2.76 92.194
2.5 5 29.04 2.83 90.298
3 5 29.18 2.9 89.268
e
\-,_ —"IECT
125 00 \\'. o m
\.,\ sk
.""4
100,00 e,
‘-"""’"““-----......._,
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e e
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Figure 6: Optimum design parameters when 8 is changed
7- Conclusions:

In this paper, we used Banerjee and Rahim’s economic model for X control charts for continuous

flow process under Burr XI1I shock model.
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We chose this distribution because its hazard rate is not constant and this distribution is the most
important distribution in terms of reliability. Also, distributions like Normal, Weibull and many
others can be approximated by Burr distribution.

The numerical results show that if the Burr distribution is adjusted to fit into the failure times of a
process, our proposed designs under non-uniform sampling scheme performs better than the designs
under uniform sampling scheme. Finally, the results of sensitivity analysis show that the increase in
each parameter of the Burr XII distribution as a shock model leads to a slight reduction of the opti-
mum amount of the expected cost per unit, decreasing the first sampling interval and not having a
significant effect on the sample size and the width coefficient of control limits.

By comparison between different sampling interval scheme, this research shows that, the non-normal

sampling interval better than non-uniform sampling interval.
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