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Extended Abstract. Coherent systems containing n components are of great importance in the
modern technology. An k-out-of- n:F system is a special case of coherent systems which fails if and
only if at least k of its components fail. On the other hand, in the reliability engineering, it is
reasonable to consider the load sharing problem when some of the components fail. Actually, after
failing some components, the total load on the system shares among the functioning components, and
their failure times are accelerated as a result. Some examples of load sharing systems include electric
generators sharing an electrical load in a power plant, the CPUs in a multiprocessor computer system,
cables in a suspension bridge and valves or pumps in a hydraulic system. There are many research
works on the modeling of load sharing systems. In this article, the reliability of a load sharing k-out-
of-n:F system is studied subject to degrading components. In such a system, every component
degrades by time continuously, and it is considered as a failed component when the amount of its

degradation reaches or exceeds the threshold w. Denote the degradation of a functioning component at
time t > 0 by Z(t), and assume it follows a Gamma process with shape parameter a(t) and constant
scale parameter b, denoted by I'(a(t), b), with the probability density function

zZ
a(t)—le—g

f(z; a(t),b) =

)

r(a(®)be®

where T'(a) stands for the complete gamma function. The effect of load sharing is modeled by
considering a power law process as the shape parameter of the Gamma process.

Let us denote the degradations of n independent components of a load sharing k-out-of-n:F system at
time t before the first failure time (i.e., at the first step of load sharing) by X, ;(t), ..., X, 1 (£), such
that

Xs1@O)~T(a (), B), s=1,..,n,

where a4 (t) should be determined in a way that the effect of load sharing is specified. So, the a, (t) is
called the load sharing factor. The first failure time or equivalently the failure time of a 1-out-of-n:F
system is defined as the first instant in which the maximum degradation of all components reaches or

exceeds the pre-specified threshold w. That is,
T, = inf{t > 0; maX{XLl(t), ...,anl(t)} > w}. 1)

After the first failure time, the total load on the system is shared among the surviving components by
load sharing factor a,(t), such that a;,(t) > a4 (t). Denote by X, ,(t), ..., X;,—1 »(t) the degradations
of (n — 1) surviving components between the first and the second failure times (i.e., the second step
of load sharing). Assume the conditional distribution of degradation of the components in this step is
as follows

Xs2(t —T)ITy = t;~T(az(t — t1),B), t>1t, s=1,.,n—1L
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Note that the amount of degradation of the components at time t in the second step of load sharing is
accumulated until t. So, the second failure time is defined as

TZ = ll’lf{t > Tl; maX{XLZ (t), ...,Xn_l,z (t)} = (I)}
=T, + inf{t > 0;max{X 1 (T}) + X1,(®), ... X 1(T) + Xn-12(0)} = w},
where X ;(T;) stands for the amount of degradation at the second step of load sharing which has
occurred before the first failure time T;. Similarly, the degradations of the surviving components
between the (i —1)th and the ith failures (i.e., the ith step of load sharing) are denoted by
X1i(®), oo, Xn—iy1i(t) and it is assumed that for i =1, ..., k, the conditional distribution of the
degradation at this step, given T;_; = t;_4, IS
XS,i(t - Ti—l)lTi—l = ti_1~F(ai(t - ti—l)'ﬁ)' t> ti—l' S = 1, e, = i+ 1.
Actually, in a degrading load sharing k-out-of-n:F system after occurring the (k — 1)th failure, the
remaining (n — k + 1) surviving components work as a series system with load sharing factor a; (t)
such that
() > ag-1(t) > -+ > ay (b).

The degrading load sharing k-out-of-n:F system fails when the amount of degradation of one of the
surviving components at the kth step of load sharing reaches or exceeds the threshold w. Therefore,
the failure time of such a system is defined as

Tie = T—q + inf{t > 0;max{X j_1 (Ty—1) + X1 4 (6), e, X o1 (Ti—1) + Xn-i+1£(0)} = w}.

Using (1), the reliability function of a 1-out-of-n:F system is given by
Ryn(6) = P(Ty > ©)

= P(maX{Xlll(t), ...,Xn'l(t)} < a))

={P(X.1(®) < t)}"

={G(w; a; (), )},
where G(.; a;(t),B) stands for the cumulative distribution function of T'(a,(t), ) distribution.
Similarly, it can be shown that the reliability function of a load sharing k-out-of-n:F system for
2<k<nis

n—k+1

Rin(£) = Rp—1:0(8) + fot(G (w; a1 (¥) + a(t =), ) fe-1(¥)ay, )
where f;._1(y) is the probability density function of T, _;. By differentiating from (1), we get

fie(®) = e () (1 = (G(w; aies () + c(0),B))
n—-k+1

t
—(n-k+1) f 9.6, Y) (Glw; a1 () + ot — ), B)) fie1(¥)dy,
0

n—k+1)

where

0
it )= 5 Glasons (V) o (t-y), B)

X

o) | i 6) o). ) <log (5)-v (o (y)—%(t-y))) a,
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where a;(.) denotes the differentiation of a;(.). Using the recursive formula in (2), the
reliability function of a load sharing k-out-of-n:F system may be calculated numerically.
Toward this end, it is assumed that load sharing factor follows a power law process, such
that, fori =1, ..., k,

n 0
a;(t) = (t+ 1)(n—i+0-5) -1, t>0,

where 6 is a positive real constant. The sensitivity of the reliability function of the proposed
system is discussed with respect to the model parameters. The estimation problem of the load
sharing parameter is also investigated based on degradation data measured at some pre-
specified inspection times. The results are explained using an illustrative example. Further,
the performance of the proposed estimator is studied using a simulation algorithm.
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