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Statistical design of X control chart with variable sample size
under Weibull shock model with non-uniform sampling intervals
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Abstract: This paper for the first time in the statistical design of adaptive control charts,
deals with the statistical design of univariate control chart X under the Weibull shock model.
Practically, the use of shock models with more flexible risk rate functions in the statistical
design of adaptive control charts is closer to reality. This study shows that diagram X — VRS
under Weibull shock model with non-uniform sampling intervals and variable sample size,
compared to diagram X under Weibull shock model with non-uniform sampling intervals
and fixed sample size (FRS), detecting average changes is faster and performs better.

In this model, with increasing changes in the mean, the rate of detection of changes in the

mean increases and the value of h, increases and the ANF decreases. Also relatively large
changes (6> 2), lead to a relatively small sample size (n,< 10) and smaller changes (2 < 8
<0.25) lead to a larger optimal sample size (11<n,<14).

Keywords: Statistical design, Control chart X, Non-uniform sampling distance, Weibull
shock model.

1. Introduction

Statistical Process Control (SPC) is one of seven basic quality tools used in Total Quality
Management (TQM). The quality movement in the last few decades has made quality control
a necessary condition for competition in the manufacturing and the provision of service to
customers. The ability to reduce the changes in process output is one of the keys to
identifying a successful economic unit. In many cases, statistical process control is an
acceptable tool for showing the changes in the process.

Designing control charts means making a fundamental decision about the three design
parameters, namely, sample size (n), the sampling interval between samples (h), and
coefficient of control limits (k).

So far, statistical design of control charts under several lifetime distributions with fixed,
descending, ascending, U-shaped failure rate functions in the presence of an attributable
cause and attributable causes (multiple attributable causes) has been presented, but only the
exponential shock model has been studied in the statistical design of various types of
univariate or multivariate adaptive control charts, variables in the various methods
mentioned in determining the design parameters of adaptive control charts. Other shock
models with more flexible risk rate functions have not been studied in the statistical design
of adaptive control charts. Therefore, in this paper, for the first time, we intend to statistically
design a univariate X control chart under the Weibull shock model.

%8 Corresponding author: pourtaheri@atu.ac.ir
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2. A review of the Weibull distribution

If the random variable X has a support with negative and continuous values, so that its
density function is written as follows, then we say that this random variable has a Weibull
distribution with parameters v and A.

f(X; A V) — {}\VXV_le_)\XV x>0
0 x <0

The chart of the density function of this random variable can be seen in the image below.

n
o~

> >
[ T
PEER
ARRR
i
VR ~O

n

Graph 1: Weibull density function chart

In this chart, the positive values of the random variables can be clearly seen. As can be seen
in the chart, by changing the value of the parameter v, the shape of the probability density
function for this random variable changes, and by increasing the parameter v, it tends
towards a normal distribution.

If the random variable X represents the "failure time", the Weibull distribution can be used to
describe this random variable, so that the failure rate is proportional to the time and
exponentially distributed. In this case, the parameter v indicates the "mean failure rate".

“v < 1” indicates a downward failure rate. This means that over time, the probability of
failure for a phenomenon with this property decreases. If “v = 17, the failure rate will be
constant; and the Weibull distribution becomes an exponential distribution. “v > 1” also
indicates an upward failure rate. This increases the probability of failure or error with longer
life. In this study, the failure rate is considered to be increasing, which is closer to reality in
practice.

3. X control design chart under the Weibull shock model
(Variable Rate design)

In this sampling design, two additional warning limits with non-uniform sampling interval
(hi) and two different sample volumes nl and n2, such that n2> n1, are used to design the
control chart. If the sample is located near the centerline of the control chart and between the
warning limits, the smaller sample size n1 will be used for the next sampling, and on the
other hand, if the sample is located between the control and the warning limits for the next
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sampling of the sample size, we use the larger n2.
In control charts, the process is described by a state under the control of p0, and a random
deviation with a cause from the mean leads to change of p0 to u0 + 6c. The control chart is

constructed with the centerline p0 and the upper and lower control limits yy =+ k% . The

samples are selected at hi hours apart from each other, and when a point is drawn outside the
control range, the search for a cause-and-effect deviation begins. The process starts from the
state under statistical control u = p0. The occurrence of deviation with a cause leads to a
change in the mean of the process. We assume that the time follows the Weibull distribution
with the parameter (A and v), before the deviation occurs due to the process, which we
denote by T. Thus, when the process remains in statistically controlled mode, the mean is

1
MF(1+%). We also assume that the process is not self-corrected. Therefore, when the

process gets out of control, it will not return to the controlled state until the end of the
process cycle. It is called a quality cycle, from the time the process starts to the moment it
returns to control after modification.

In the VRS design, one of the following six situations may occur each time the sampling

process is performed:

Mode 1: LWL<X<UWL and the process are under control. (sample n;)

Mode 2: UWL<X<UCL or LCL<X<LWL and the process are under control. (sample n,)
Mode 3: X>UCL or X<LCL and the process are under control. (sample n,)

Mode 4: LWL<X<UWL and the process are out of control. (sample n;)

Mode 5: UWL<X<UCL or LCL<X<LWL and the process are out of control. (sample n,)

Mode 6 (adsorbent state): occurs when X>UCL or X<LCL "and the process are out of
control. It is easy to see that mode 3 is a false alarm and mode 6 is a true alarm.

Suppose Yn represents the state of the process at the nth sampling stage in a quality cycle,
which is defined as follows:

Yn=1&= Y, €d.u =y,
Yn=2 &= Y, €B.u =y,
=3 &= Y, el =y,
Y, YoeA.p =u,
Y,=5 &= Y, €eB.u =1
Y,

i

YneCou, =

Where pn is the mean quality characteristic in the nth stage of sampling and Y,,is the mean of
the sample taken in the nth stage of sampling. We also have:

A=(LWL,UWL). B = (UWL,UCL)U(LCL,LWL). C=(-00,UCL)U(UCL,+0).
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In the following theorem we express {Y [n=", 1,2, ---} is a Markov chain with state space
“E={1,2,3,4,5,6}".
Theorem 1: Random process {Y,|n = 0.1.2.---} with finite state space, <E is a Markov
chain. In other words, for every n = 1 and every Xo, X;... X, and x and y of the states, we
have the following equation:

P(Yn+l ZY|Y0:yO' Yl:yl e ~Yn:X):P(Yn+] :len:X)

Theorem 2: Random process {Y [n=0, 1,2,--} with the numeric state space, E is a

homogeneous Markov chain. In other words, the probabilities of transfer do not depend on
step n. It means:

Py~ P (Yo 1=y1Y=x) ;VX.yEE. Vn>1

In drawing this chart, the parameters ,, 6 and ¢ are assumed to be known, while the
parameters of the control chart, ny, n, k and h must be determined so that:

2

— O

X~N <Hi’;> i=0,1 ,j=1,2,n,<ny
]

So we have:
— 0'2
X~N (,uo.n—> the process under control
j
— 0'2
X~N (ul.n—> the process out of control
j

Where p,=p, +3c

In the X — VRS design (with a warning limit), we define it with six modes and control limits
as follows:

e UCL= +k%
- ...|_|'.‘lI
‘ UWL= g, +W\/%
LCL=y, — k—
O Tm
. o
-0 LWL = gy — w—

Jm

Chart 2: Chart of X control

Thus the transfer probability matrix is as follows:
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4 N

P11 P12 P13 Pisa Pis Pie
P21 P22 P23 P24 P25 D26
P= P31 P32 P33 P34 P35 P3s (1)
0 0 0 Pas Pas Pas

0 0 0 Psa Pss  Pse

0 0 0 0 0 1
\~ /

In equation (1), p;; represents the conditional probability of changing the state from the

previous state i to the current state j. Given that in the VRS sampling design the sampling
distance in the current state depends on the previous state, thus, Pij is:

P, =P, =P;,=P(IZ|<w)e "
P,,=P,,=P3,=P (W< |Z|<k)e )"

P13 = P23 = P33 = P(|Z| = k)e )"

D1 ~P (B -wsz<-d fiw) (1-e200")

p,s={P(-8,/n+W<Z<-8,/n; +k)+P(-8,/n;-k<Z<-8,/n;-w)} (1-e*tD)")
p,={P(Z<-8,/n;+k)+P(Z>-8,/n;-k)} (1-eE)")

D24 P3P (Bymwz <3 fiyw) (1-¢700)

P,s=P;s= P(-8,/nytw<Z<-8,/ny +k)+P(-8,/ny-k<Z<-8,/ny-w)(1-e™H1)")
P26 = P36 =(P(Z = —8yn; + k) + P(Z < —8yn; — k)}(1 — e 20"
P4, =P(-8/nj-w<Z<-3,/n;+w)

p,s= P(-8,/n+w<Z<-8,/n; +k)+P(-8,/n;-k<Z<-3,/n;-w)
p,=P(Z<-8\/n;+k)+P(Z>-5,/n, k)

Ps5s=P(-3y/np-W<Z<-3/ny +w)

ps=P(-8,/ny *W<Z<-8,/ny +k)+P(-8,/n,-k<Z<-8,/ny-w)
ps=P(Z<-8,/ny+k)+P(Z>-5,/ny-k)

Pss = 1

One of the most common statistical metrics in recent research is the Average Time of the
Cycle (ATS) (Adjusted Average Time to Signal (AATS)), which shows the average time it
takes for a warning to appear after a change in the process average. When the process is
under control, the higher the AATS value, the better it is. But when the process is out of
control, the chart that has the lowest AATS value is the most powerful one. According to the
definition of AATS (Costa, 1997):

AATS = ATC — (Mean time under control)
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Now, if the duration under control has a Weibull distribution with parameter (A .v), then
AATS is equal to:

1
AATS = ATC—AT(1+3)  (2)
and
ATC = b’ X7 Q7 hy 3

In such a way that Q is a 5 x 5 matrix obtained by removing the row and column of the

adsorbent state (6), the transfer probability matrix P, b’ = (p;.p,. p3.0.0) will be the initial
probability vector with condition Y3, p; = 1. In order to apply more rigorously to the
process, it is assumed that the process starts from the second state. In other words, we

consider b’ = (0.1.0.0.0). We also include:

1

. . . . . . 1 - . . . . .
h =, b, W, ) that is: b= <j;-(j-1)v) b, and b —h,—h 1, b

5. Optimal determination of X statistical design parameters under Weibull
shock model and variable sample size

The values of statistical design parameters with variable sample size were calculated under
the Weibull shock model using neural network tools in the black box optimization method
by Joulia programming software. So that for different values of 8, A and v, the optimal value
of design parameters in the VRS-X statistical model is obtained under the Weibull shock
model, and the following results are obtained.

1. By increasing the changes in the mean values, the average amount of time is
adjusted until the warning after the change in the average of the process
decreases. In other words, the speed of detecting changes in the average process
increases with increasing changes.

2. By increasing the sample size, the average amount of time adjusted to the
warning after the change in the average process decreases.

3. By increasing the value of k from the number 3 to the number 5, for the values
"0.25" <6< "1.75" the speed of change detection decreases, and for the values
6>1.75 the speed of detection of changes increases on average.

4. The value of AATS increases with increasing the value of h;. In other words, the
speed of detecting changes increases with decreasing sampling time.

5. Optimal sample size as the amount of variation in the mean (8) increases, it often
results in a relatively small sample size of n,, and larger samples are required for
smaller changes.

6. By increasing 8 value, the value of h; increases.

7. The optimal sample size is largely determined by the amount of change. In
general, relatively large variations (8> 2) often result in relatively small optimum
sample sizes (n,<10). Smaller variations require larger samples, with 0.25<8 <2
often producing the optimal sample size in the range 11 < n, < 14.

8. With increasing & value the value of ANF decreases.
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6. Unbiased and fair comparisons between FRS and VRS plans

In the study of the results of comparing the design parameters in the statistical model of VRS-
X and FRS-X under the Weibull shock model, it is observed that:

1. The speed of detecting changes in the mean process in the VRS-X statistical
model is higher than the FRS-X model for all values. Thus, the VRS feature
improves the statistical performance of the control method.

2. For larger k values, the VRS-Xstatistical model performs better than the FRS-X
model in detecting changes in the mean faster.

3. For very small changes (8<1), the VRS-X statistical control design performs
significantly better than the FRS-X model in detecting the mean changes faster.

7. Conclusion

In this paper, for the first time, the statistical design of univariate control chart X with
variable sample size and non-uniform sampling intervals under the Weibull shock model was
presented. In this model, with increasing changes in the mean, the rate of detection of
changes in the mean increases and the value of h; increases and the ANF decreases. Also,
relatively large changes (8>2), lead to a relatively small desired sample size (n,<10) and
smaller changes (0.25<8 <2) lead to a larger optimal sample size (11 < n, < 14)

The results of numerical comparisons indicate that the proposed control design performs
much better than FRS in detecting small changes and the detection of mean changes in the
VRS- X statistical control design is faster than the FRS-X design and has a better
performance.
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