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Statistical Design of the Percentile-Based Depth-Based
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Abstract: We introduce a method for the statistical design of a depth-based control chart, using the
percentile-based approach. The proposed control chart is affine invariant and is asymptotically
distribution-free. Generally, the performance of a control chart is evaluated with the average run length
metric. The average run length metric has a geometric distribution skewed to the right with a large
standard deviation and may not be a proper measure for evaluating the control chart. Therefore, we use
the statistical design method of control charts with the PL approach, which is an improvement and
development on classical statistical design. By employing constraints on average run length, the length
of in-control and out-of-control performances are guaranteed with predetermined probabilities and we
can ensure that the in-control run length exceeds the desired value and the out-of-control run length is
less than the desired value. Simulation studies show that the proposed control chart is more efficient than
the average run length approach.

Keywords: run length, statistical design, statistical process control, percentile-based control chart,
multivariate location

1- Aim and Introduction

In multivariate statistical process control (MSPC) and multivariate quality control, control charts are a
very important tool for monitoring and/or controlling production processes. In this regard, Hotelling’s T2
control charts are widely used to monitor process location vectors in which the multivariate normality
assumptions of response variables (quality characteristics) are required [1]. While in practice, multivariate
normality justification is often difficult and these charts are inapplicable to high-dimensional data. In the
field of MSPC, most multivariate data analysis techniques are based on the multivariate normality
assumption, and there are not many methods for the multivariate non-normality problem. On the other
hand, the most effective strategy for managers of complex high-dimensional processes that monitor
multivariate data is to reduce the dimension of the problem as much as possible, without losing significant
information, in relation to the incoming signal. The effective and efficient measurements that provide
sufficient data reduction for a large number of variables in a completely nonparametric way are based on
data depth. For this reason, recently, data depth-based non-parametric multivariate analysis techniques,
which do not require normality and have no constraints on data dimensions, have become more attractive.
In this research, focusing on the known nonparametric multivariate control chart techniques, we introduce
a method for the statistical design of a depth-based control chart, using the percentile-based approach.

Control chart procedures can be studied as the testing of hypothesis problems. Thus a control chart at any
Ho:p = pyo
Hy:p # po
region in these tests corresponds to the out-of-control region in the control chart. Sample values of
statistics of the production process are recorded with respect to time and their values are plotted on a
chart. However, it is worth noting that for monitoring the multivariate process location parameter, there
are few proposed depth-based control charts using the testing of hypothesis method for non-normal data.
In addition, some of their charting statistics have not desirable features such as affine invariance and/or
distribution-free properties and some have high computational performances. A suitable feature of depth

point drawn is a representation of an a-level test of the following hypotheses: { The rejection
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functions is to consider the geometric properties of multivariate data and also, most of the depth functions
are affine invariant.

On the other hand, designing a control chart with desired in-control performance is of great importance
in phase II and is a standard part of the classical statistical design. The in-control performance is most
often measured by the in-control average run length which is the average number of samples before the
control chart signals an assignable cause of poor quality even though no cause exists. Given that the
successive samples are independent, the run length is geometrically distributed. When the process is in
control, the run length is the number of samples before a false signal and the probability of an individual
sample plotting out of control is exactly equal to a or the type I error rate.

It is well known that the geometric distribution is skewed to the right with a large standard variation.
Thus, the ARL metric may not be an adequate measure of control chart performance [2]. Since the
interpretation based on the ARL measure can be misleading, some authors have used the median run
length (MRL) to measure a control chart’s performance [3], [4], [5], [6].[7], [8] and [9]. All of them
concluded that the MRL is a more suitable measure for a chart’s performance because it is less affected
by the skewness of the run length distribution. However, the MRL is still the 50" percentile of the run
length distribution, in the sense that 50% of time, users may still get false alarms sooner than what is
planned.

In this paper, we have dealt with the matter that how to design a multivariate depth-based control chart
for a user that there is only 100P;% chance of having a false alarm before the C** sample. The control
chart designs of this type are called, percentile-based designs (PL). A PL design ensures that the control
chart has a particular in-control run length (RL,) that is guaranteed with a predetermined probability. One
would also wish to design the chart such that a desired out-of-control run length (RL;) would be met with
a predetermined probability. The flexibility of the PL method ensures that users can design control charts
based on the different percentiles of the run length distribution. We can consider the ARL-based design
as a special case of the PL design, and we show the efficacy of this method when compared to the ARL
design. In this paper, by using the PL-based method, we aim to propose a nonparametric multivariate
control chart that has more desirable properties.

2- Methodology

To construct the proposed PL-based control chart, a class of depth-based test statistics is used, based on
the desirable properties of depth functions [10].

We consider the function of outlyingness of x € RP, such that is normalized to take values in [0, o) as
A S 1 1 = . Ag . . . . .

O(x, Gn ) = Pl @ where D(. , Gﬁ)e [0, a] with a € (0,1] and G;; is the sample distribution function

Xi

of £Xj, ..., +X,, and defined Q,; = ————.
1+0(X;,G;)

. . . — T -1~
Then, we use the test statistic, T,,, in a quadratic form T,, = nQ,, (n_1 . Qm-Qm-T) Q,,, where
n

Gu== ) Q.
i=1

The affine invariance and conditionally distribution-free are the desirable properties of T,,. Under Hy, T,

d
has an asymptotic distribution of chi-square random variable with p degrees of freedom, T, — )(,2,.
Therefore,
LCL =0 and UCL = x?,(p).

The control chart constants should be adjusted such that Pr (RL, > C) = 1 — P;, so we determine the
In(1-Py)

- )[11].

desired type I error rate as a« = 1 — exp (
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3- Findings

The in-control and out-of-control performances of the ARL T,, chart are compared with the PL T,, chart
in two different cases by box plots. The results indicate that the PL approach provides just as good
performance against the shifts as an ARL chart, and better in-control performance.

Pr(ICRL<100)=10%

=

T T
0 1000 2000 3000

ICRL

Pr(ICRL<100)=15%

ARL
I
8

T T T T
o 500 1000 1500 2000

ICRL

Figure 1- The box plot of the ICRL (RL,) for the T;, control chart with PL and ARL approaches for n =
50 and different values of probability level P;.
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Figure 2- The box plot of the OCRL (RL,) for the T,, control chart with PL and ARL approaches for
n = 50, d = 3 and different values of probability level P;.

Statistical design of T, chart with the percentile-based approach is also provided by solving an
optimization problem [11] and [12]. We apply the genetic algorithm (GA) approach to solve the
optimization problem such that desired constraints on in-control and out-of-control run lengths are met
with prespecified probabilities and we can ensure that the in-control run length exceeds the desired value
and the out-of-control run length is less than the desired value.

4- Discussion and Conclusion

By comparing the performance of T, control chart under the ARL approach with the PL approach, it was
found that the performance of the T;, control chart based on the PL approach is better than the performance
of this control chart based on the ARL approach, and in the worst case, is a suitable alternative to the
classical ARL approach in statistical design but always an improvement of the classical ARL approach
since conceptually, the run lengths are now guaranteed with prespecified probabilities, and are dominant
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in terms of run length distributions. Additionally, the PL approach we provide is a generalized form of
the MRL and the ARL approaches in the sense that one is not limited to the 50" percentile and the
average of run length and thus is more flexible than the MRL and ARL approaches.
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