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06 |1.221171 0.563425 1.186809 2.02E-01 1.215138 0.107453
25| p |0.498848 0.020717 0.519455 0.000349 0.519455 3.49E-04
o |3.003286 1.040242 2.485247 0.027301 3.016908 3.77E-05
0 [1.264624 0.720946 1.36965 1.91E-01 0.753798 0.079138
30| p |0.503777 0.018025 0.517378 0.000308 0.517378 3.08E-04
o [2.777466 1.852569 2.664404 0.005492 3.01692 4.73E-06
0 1.169293 0.431183 0.865584 0.153501 1.082324 0.033919
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6 |1.161575 0.430968 1.226069 0.104834 0.940146 0.029789
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0 |1.553873 1.130054 1.415453 2.99E-01 1.700423 0.352712
15| p |0.491869 0.033529 0.534494 0.0012- - 0.534494 0.0012- -
o |2.367522 2.301881 1.540891 0.279746 3.005328 0.003021
0 |1.607787 1.354672 1.272375 2.62E-01 1.529883 0.280178
20| p (0.500321 0.027505 0.527228 0.00073 0.527228 0.00073
o [2.571955 2.368968 2.199271 0.077247 3.017177 0.000191
0 (1.409624 1.011655 1.415529 2.38E-01 1.324994 0.192024
25| p (0.504232 0.022573 0.520077 0.000405 0.520077 4.05E-04
o |2.853517 1.637664 2.520377 0.017578 3.018325 1.71E-05
0 (1.291432 0.579611 0.961556 0.17528 1.170045 0.092111
30| p |0.495423 0.018404 0.517091 0.00026 0.517091 2.60E-04
o | 2.75695 1.718723 2.672924 0.004664 3.017258 3.29E-06
0 (1.231972 0.476558 1.339109 0.1573- - 0.735145 0.080872
35| wp (0.494245 0.014782 0.514384 0.00019- 0.514384 1.90E-04
o [3.030309 0.881345 2.762553 0.001763 3.015861 1.09E-06
0 |1.22411 0.436291 1.113407 1.40E-01 0.958447 0.02309
40 p | 0.49693 0.012558 0.511797 0.000143 0.511797 1.43E-04
o |2.820343 1.889319 2.818608 0.000908 3.0145 5.33E-07
0 |1.164676 0.36669 1.18747 0.114066 1.051603 0.018444

Vo) 4l — oleis VY >

CandaS Sy 0§ (ot 49 piled



e 00 (B0 yguailir Lo (5 ol 90 (2 lod @395 S oty 859 2

k=2,0=3.0=1.1=1 s 55 )5 xSleo 5 5,50 ¥ Jgoimr

0 | s,9leS 3591 oloitinn;d poraSlo 351 S5 05l
T sl | pgo ol cnSile] 05l WS 0 ol eSilee  Sysle [Uas g ol eSilie
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0 |1.61163 1.582524 1.337865 3.00E-01 1.634359 0.337655
15| p |1.003715 0.036881 1.036493 0.001251 1.036493 0.001251
o |2.825506 1.291832 1.379532 0.40588 2.990209 0.003889
0 |1.45559 1.177431 1.421134 2.63E-01 1.447917 0.258999
20| p |1.003513 0.027296 1.027362 0.00077 1.027362 0.00077
o [2.674028 2.047777 2.124216 0.126828 3.012757 0.000451
0 |1.201977 0.512745 1.181262 1.94E-01 1.229128 0.13618
25| p |1.005324 0.021613 1.020989 0.000449 1.020989 4.49E-04
o [2.902279 1.456346 2.496978 0.023332 3.017315 2.75E-05
0 |1.219575 0.55463 1.359576 1.83E-01 0.760812 0.080043
30( u (0.998457 0.018547 1.01723 0.000293 1.01723 2.93E-04
o |2.79037 1.82959 2.663263 0.006486 3.016886 5.76E-06
0 [1.210255 0.490833 0.875917 0.159178 1.107254 0.054945
35| p [1.002596 0.015562 1.014341 0.000216 1.014341 2.16E-04
o [3.059161 0.707118 2.761248 0.001865 3.015798 1.19E-06
0 |1.173333 0.414948 1.051289 0.110272 0.92971 0.041638
40( p (0.998738 0.013296 1.013244 0.00018 1.013244 1.80E-04
o |2.786914 1.60524 2.816248 0.000935 3.014434 5.47E-07
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10| p |1.045432 0.042635 1.054963 0.001993 1.054963 0.001993
o [1.19313- 2.773244 0.621579 0.217165 2.945374 0.046926
0 |[1.557217 1.58796* 1.392387 2.90E-01 1.651327 0.360147
15| p |1.008453 0.037915 1.035827 0.001188 1.035827 0.001188
o |2.375875 2.193109 1.550169 0.297754 3.007418 0.003999
0 |1.581983 1.312208 1.275825 2.63E-01 1.529527 0.275216
20| p |0.993864 0.026774 1.025701 0.000659 1.025701 0.000659
o |2.424708 2.797568 2.19241 0.084217 3.016368 0.000132
0 (1.388972 0.879897 1.425832 2.43E-01 1.334902 0.185042
25| p |1.001366 0.021468 1.020477 0.000394 1.020477 3.94E-04
o |2.862861 1.598018 2.518981 0.016744 3.018284 1.66E-05
0 |1.353339 0.821128 1.334401 0.169801 1.159614 0.078153
30[ p [1.002431 0.016641 1.017673 0.000298 1.017673 2.98E-04
o |2.824514 1.559431 2.674847 0.004971 3.017283 3.83E-06
0 (1.213086 0.484175 1.133637 1.63E-01 0.739189 0.072296
35| p [0.995425 0.014615 1.014828 0.000203 1.014828 2.03E-04
o [3.091703 0.733251 2.760661 0.002166 3.0158- - 1.50E-06
0 |1.211817 0.487731 1.024715 0.1418- - 1.055741 0.032569
40( p [1.002216 0.012799 1.01215 0.000147 1.01215- 1.47E-04
o |2.847168 1.18111: 2.81873 0.00093* 3.014499 5.48E-07
0 |1.149674 0.266025 1.196456 0.129664 0.964006 0.02633
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10| p |0.507334 0.072902 0.575937 0.005348 0.575937 0.005348
o |0.090518 1.856169 0.42915 0.037678 1.907969 0.05842
0 |3.082466 1.42918 2.488561 0.282105 2.932293 0.078743
15| p |0.493631 0.047912 0.549235 0.002614 0.549235 0.002614
o |0.533972 2.808441 0.308372 0.025414 2.448654 0.001118
0 |3.565386 2.929198 2.558789 0.15107 2.976789 0.055836
20| p |0.513746 0.033725 0.537483 0.001218 0.537483 0.001218
o |0.935507 2.752244 0.307679 0.008783 2.82533 3.24E-05
0 |3.20199 2.049925 2.580667 0.065121 2.995971 0.03907
25| pn |0.495583 0.029304 0.530002 0.000862 0.530002 0.000862
o |0.983754 2.876839 0.486654 0.003038 3.043508 1.22E-05
0 |3.327226 1.733029 2.669462 0.177946 3.000503 0.048024
30| p |0.49949 0.024388 0.526036 0.00062 0.526036 6.20E-04
o [1.426496 2.57601 0.628723 0.002051 2.874888 5.24E-06
6 |3.213328 1.588747 2.768451 5.07E-01 3.002202 0.046832
35| p [0.504715 0.02139 0.521723 0.000487 0.521723 4.87E-04
o [1.587191 1.93748 0.60809 0.001052 2.457865 3.17E-06
6 |3.188243 1.466659 2.834827 5.32E-01 3.002898 0.028909
40[ p [0.496294 0.019067 0.520035 0.000436 0.520035 4.36E-04
o [1.530925 2.306586 0.482236 2.06E-01 2.13192 0.021907
0 |3.101496 1.289165 2.982236 0.048024 3.10192 2.06E-01
k=1,0=2.0=3. =015 4,5 05 oJ55 Silen 5 3,1 )+ Sz
il S 9teaS 39 loitond porSle 551 S 39l
ool W pss ol eilee| 25l |UnS o Gl nSiloo] oyl U 95 ol uSike
10| u |0.498129 0.068641 0.572237 0.004455 0.572237 0.004455
o |0.525199 2.761308 0.529823 0.067984 2.47063 0.123413
0 |2.980976 0.913485 2.29496 5.27E-01 2.884401 0.121936
15| p [0.494468 0.04878 0.548833 0.002261 0.548833 0.002261
o |0.040735 2.095128 0.889016 0.044134 2.803534 0.002744
0 3.3818 2.347774 2.400804 5.06E-01 2.964062 0.07321
20| u |0.492979 0.038322 0.535585 0.001074 0.535585 0.001074
o |0.152906 2.639092 0.442925 0.011876 2.939689 6.71E-05
0 |3.563551 2.910554 2.495206 2.53E-01 2.992571 0.065315
25| u |0.493469 0.027849 0.529371 0.00088 0.529371 8.80E-04
o | 0.50949 2.591912 0.942448 0.005526 1.769419 1.43E-05
0 |3.463551 2.340651 2.64609 8.48E-02 2.999707 0.056983
30| p [0.510743 0.026617 0.524254 0.000598 0.524254 5.98E-04
o |0.800725 3.121641 0.341893 0.002557 2.751729 6.43E-06
0 |3.486943 2.178777 2.766245 0.248856 3.002134 0.056911
35| p [0.504303 0.021639 0.521406 0.000462 0.521406 4.62E-04
o |1.125826 2.733251 1.056205 0.001009 2.211128 3.38E-06
0 |3.30423 1.713011 2.832697 0.080819 3.002798 0.019092
40| p [0.498014 0.0186 0.517893 0.000331 0.517893 3.31E-04
o |1.288932 2.555386 0.942448 0.050347 2.47063 0.017648
0 |3.326313 1.77513 1.059475 0.056983 2.504901 5.27E-01
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10| p [1.001298 0.082552 1.074115 0.004847 1.074115 0.004847
a 10.220123 1.993837 0.326193 0.042932 1.898106 0.059625
0 |3.12627 1.548991 2.501084 0.301843 2.93367 0.075575
15| p |1.01546 0.05191 1.053395 0.00283 1.053395 0.00283
o |0.480732 2.849405 0.618241 0.026754 2.469111 0.002847
0 |3.581041 2.986358 2.554012 0.146399 2.978565 0.056264
20| p |1.010663 0.040005 1.037743 0.001388 1.037743 1.39E-03
o |0.788866 2.828491 0.419907 0.00702 2.81938 4.80E-05
0 |3.325661 2.053751 2.580942 8.00E-02 2.995698 0.045775
25| p |0.997182 0.031901 1.029998 0.000896 1.029998 0.000896
o |0.907829 2.847385 0.477101 0.003077 3.036182 1.24E-05
0 |3.346534 1.850271 2.674223 0.200918 3.000384 0.042728
30| p |0.98575 0.025043 1.024752 0.000599 1.024752 5.99E-04
o [1.312132 2.669364 0.492862 0.002001 2.924558 5.70E-06
0 |3.303947 1.683121 2.765764 4,90E-01 3.002039 0.046765
35| p [0.994966 0.02009 1.022598 0.000486 1.022598 4.86E-04
a |1.529543 2.106989 0.330044 0.000924 2.468272 3.16E-06
0 [3.239867 1.537891 2.833558 5.48E-01 3.002777 0.025492
40( p |1.001074 0.018258 1.018319 0.000317 1.018319 3.17E-04
o |1.472563 2.277188 0.63129 0.000743 2.134412 2.09E-06
0 |3.08348 1.393989 2.877642 2.15E-01 3.003063 0.020123
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10| p |1.013775 0.087151 1.082055 0.007005 1.082055 0.007005
o [0.534812 2.548928 0.446281 0.046987 1.750458 0.096861
6 |3.055124 1.005977 2.256943 0.228879 2.911746 0.071368
15| p |0.990373 0.047496 1.049749 0.002971 1.049749 0.002971
o [0.003381 2.114544 0.347022 0.045154 2.218495 0.017937
6 |3.382356 2.380114 2.389347 0.066532 2.955957 0.056314
20| p |1.002626 0.035983 1.036534 0.001338 1.036534 1.34E-03
o [0.261285 3.066616 0.536589 0.011258 2.504913 5.44E-05
0 |3.38069 2.203786 2.480431 0.112002 2.993349 3.45E-02
25| p |1.005522 0.030527 1.029198 0.000897 1.029198 8.97E-04
o [0.510048 2.896874 0.900351 0.005508 2.756508 1.63E-05
6 |3.535638 2.442168 2.653558 9.41E-02 2.999867 0.055258
30| p |1.00082 0.022595 1.024286 0.000629 1.024286 6.29E-04
o [0.853203 2.987095 0.941774 0.002119 2.968664 5.74E-06
0 |3.45705 2.086908 2.765685 5.33E-01 3.002043 0.072381
35| p [0.988601 0.019594 1.020461 0.000388 1.020461 3.88E-04
o |1.164727 2.74228 1.074502 0.000924 2.875496 3.18E-06
0 [3.322499 1.764048 2.828884 4,59E-01 3.002748 0.014424
40| p (0.994367 0.018924 1.018209 0.000329 1.018209 3.29E-04
o |1.196913 2.412775 1.07252 0.000537 2.476207 2.19E-06
0 |3.319292 1.899805 2.873242 2.13E-01 3.002957 0.013027
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n

u=1 ©=05 u=1 ©=05 u=1 #=05
10| 0.000235 0.000702 3.33E-05 0.000161 0.013620 0.009626
15| 5.62E-05 7.25E-05 1.15E-05 1.28E-05 0.000806 0.002015
20( 2.18E-05 5.31E-05 1.03E-05 1.05E-05 0.000161 0.000362
25| 7.64E-06 1.02E-05 2.04E-06 3.71E-06 0.000125 0.00033+
30| 2.39E-06 3.94E-06 3.81E-07 3.00E-06 7.00E-05 0.000144
35| 2.03E-06 1.98E-06 3.39E-07 6.56E-07 2.86E-05 0.000129
40| 8.95E-07 1.83E-06 9.36E-08 5.32E-07 1.34E-05 4.25E-05

K=2us 85 wilprass il s —VF Jour
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n

u=1 ©=05 u=1 ©=05 u=1 #=05
10| 5.26E-05 0.000412 1.80E-05 0.000239 0.004862 0.016086
15| 1.23E-05 2.90E-05 6.84E-06 1.46E-05 0.000555 0.002467
20| 9.74E-06 2.22E-05 2.52E-06 6.69E-06 0.000239 0.001795
25| 4.66E-06 7.25E-06 4.18E-07 2.57E-06 7.32E-05 5.26E-05
30| 1.54E-06 4.20E-06 2.79E-07 6.37E-07 5.04E-05 5.58E-05
35| 7.80E-07 1.18E-06 2.15E-07 5.98E-07 1.96E-05 5.17E-05
40| 6.03E-07 6.66E-07 1.47E-07 2.52E-07 1.82E-05 1.03E-05
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Aim and Introduction

In the study of lifetime data, the lifetime of each test item has great importance,
whose application fields are in medicine, biology, clinical trials, public health,
engineering, economics and demography. In theory of reliability as data lifetime or
failure time are known. Different statistical distributions are used in lifetime data
analysis, including: Weibull, Burr, Inverse Lomax distribution and Geometric
Inverse Lomax distribution. Since collecting the lifetime data is a costly and time-
consuming task, recently censoring schemes have been used in lifetime data,
including type I, type Il censoring, progressive censoring, and hybrid censoring.
Random censored data often occur in survival analysis and reliability theory, for
more information on data analysis according to the type of random censoring, can
be refer to the articles of Gilbert [3], Breslow and Crowley [1], Koziol and Green
[6], Csorgo and Horvath [2]. Kim [4] and Kohansal and Shoaei [5] have discussed
the use of goodness-of-fit test of censored random data. It is worth to say that in
some research works, outliers are observed in the statistical data analysis and it refer
to it as outlier data. One of the important statistical topics is the estimation of
parameters by considering outlier data. Two-parameter exponential distribution has
particular importance among statistical distributions due to the fact that it has a
constant failure rate. This distribution having location and scale parameters has
applications in various fields including medicine, engineering, economics,
demography, lifetime data and reliability. Due to the importance of lifetime data,
two-parameter exponential distribution with censored data has recently attracted the
attention of many researchers. So that in the use of statistical distributions for the
goodness of fit, one of the important discussions is the location parameter, which is
referred to as the threshold parameter of the minimum life time or warranty period,
and in most cases.
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VF+) 5l ) o kel -V wl> CaduS o 00 g (ewidideo & bl



Estimation Parameters of Two-Parameter Exponential Distribution Under Random Censoring. .. 36

It is worth mentioning that the estimation of the location parameter affects the
estimators of other parameters based on the lifetime data and causes the complexity
of the parameter’s estimation. Since the inference about the location parameter with
random censored data in the presence of outlier data has not been discussed so far,
in this article, the parameters of two-parameter exponential distribution under
random censoring with the presence of k outlier data are estimated and compared by
moment, maximum likelihood and Bayesian methods. Due to the importance of the
location parameter, two-parameter exponential distribution under random censoring
with the presence of outlier data, the location parameter is considered the same but
the scale parameter is different. In estimation parameters, it is very important to
compare the estimators according to the amount of error by using statistical criteria.
For this purpose, in this article, using Gibbs sampling and using the simulation the
estimators have been compared.

Methodology

Now to introduce the two-parameter exponential distribution under randomized
censoring with the presence of outlier’s model, we consider the following density
functions,

li(X,y;H):%e_(X_”)m ,0>0, 0 u<x<oo

/

);(X,y;a):ée_(x_”)a ,a>0,0< y<x<oo

according to the joint density function of random sample X, X,..., X,

1 n K é(XA/!auuie)
=7 f Bl 1 19 :

/7] L1 1(X, a, ) ;1/1 ;;()(Aj,a,,u,@)

k

Such that,

See Dixit and Nasiri (2001). The marginal density function is equal to:

f(xu,6,a) =n—/;e‘(x‘”)’9 +%(e‘(x‘”)’“,; 0, >0, 0< u<x<oo

Now suppose that the items with test lifetimes are independent and have a density
function f(x, U, 49,05), also suppose that random censoring time 7,7,,...,7, has a

density and distribution function, 7 (f,4) and F(f,u,A) respectively.

According to the definition of random variables, X, .X,..., X,
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and 7, 7,,..,7,

gy

Only one reality viewing and real time viewing with
Y;=min(X;,T;), It can be shown that the joint density function of Y and D is equal
to

(1-di)

£, 0 (VG 10,0,0) = £ (1 2,0.00) (1= F (v 2))) (£ (0 12) (1 Fic (0.0, 0))}

i-1)(6+3) V-w)a) |7 (-1)(6+1) R e
_ ie_y /g +ue_y /rla /_(e_y ﬂg +ue_y #a
ne no n n
Such that
1 if X <T, A ). ;
R A O R

It easy to show that the marginal distribution of Y given by,

~(i—m)(0+Y) _ _(—#)(a+])
k(9+1)e . +(n k)(a+1)e T s
né na 1=H

fWlm0.a)=

Such that

Ko +1) oo

na
t r t
r ﬂrt(ij +/7—/( ! /th( a j]l‘(z‘+1)
=\t 0+1 n “‘g\t l+«a
Findings

According to the density function of random variables, and based on a random
sample, the model parameters are estimated using moment, maximum likelihood and
Bayesian methods. It is worth mentioning that according to the dimensions of the
parameter and the use of estimation methods, it is necessary to consider the criterion
of simultaneous comparison for estimators. For this purpose, the generalized
variance criterion has been used. The results for the maximum likelihood estimator
while the number of outlier data is one and two are shown in Tables 1 and 2.

_ _zu)(at])
J(n-R)(a+y ]dy

Table 1: generalized variance criterion for k=1.

@=10=3, [a=1,0-3, |a=1,0=2, |a=1,0-2, |a=2,0=3, |a=2,0=3,
"=t 4=05 | u=1 ©=05 | u=1 1£=05
10| 0.000235 | 0.000702 | 3.33E-05 | 0.000161 | 0.01362+ | 0.009626
15| 5.62E-05 | 7.25E-05 | 1.15E-05 | 1.28E-05 | 0.000806 | 0.002015
20| 2.18E-05 | 5.31E-05 | 1.03E-05 | 1.05E-05 | 0.000161 | 0.000362
25| 7.64E-06 | 102E-05 | 2.04E-06 | 3.71E-06 | 0.000125 | 0.000330
30| 2.39E-06 | 3.94E-06 | 3.81E-07 | 3.00E-06 | 7.00E-05 | 0.000144
35 2.03E-06 | 1.98E-06 | 3.39E-07 | 6.56E-07 | 2.86E-05 | 0.000129
40| 8.95E-07 | 183E-06 | 9.36E-08 | 5.32F-07 | 1.34E-05 | 4.25E-05

o) 5l = 0ylais 1Y >
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Table 2: generalized variance criterion for k=2.

38

a=1,0=-3] a=1,0=3] a=1,0=2] a=1,0=2] a=2,0=3] a=2,0=3,
A R 4=05 | u=1 ©=05 | u=1 14=05
é 5.26E-05 | 0.000412 | 1.80E-05 | 0.000239 | 0.004862 | 0.016086
é 1.23E-05 | 2.90E-05 | 6.84E-06 | L1.46E-05 | 0.000555 | 0.002467
S 0.74E-06 | 2.22E-05 | 2.52E-06 | 6.69E-06 | 0.000239 | 0.001795
é 4.66E-06 | 7.25E-06 | 4.18E-07 | 257E-06 | 7.32E-05 | 5.26E-05
8 1.54E-06 | 4.20E-06 | 2.79E-07 | 6.37E-07 | 5.04E-05 | 5.58E-05
g 780E-07 | 118E-06 | 2.15E-07 | 5.98E-07 | 1.96E-05 | 5.17E-05
g 6.03E-07 | 6.66E-07 | 1.47E-07 | 2.52E-07 | 1.82E-05 | 1.03E-05

Discussion and Conclusion
By examining the results, it can be said that:

In all cases, Bayesian estimators perform better under the error squared loss
function compared to the maximum likelihood estimator.

As the sample size increases, the average square error of all estimators decreases.
Estimators using the method of moment is easily calculated, despite having a
higher mean square error compared to other methods.

The Bayesian estimator performs better compared to the maximum likelihood
estimator according to the appropriate prior distribution.

By increasing the number of outlier data or k, the mean square error of the
maximum likelihood estimator of parameters 0 and o decreases.

According to the results tables 1 and 2, it can be Said that with increasing sample
size the generalized variance decreased.
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