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" Simplified Shotgun Stochastic Search Algorithm with Screening (S5)

" Generalized Linear Model (GLM)
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” Maximum Marginal Likelihood Estimator (MMLE)
¥ Maximum Likelihood Estimator (MLE)
* Sure Independence Screening (SIS)
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° Bayesian Subset Regression (BSR)
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Abstract: One of the basic issues in Ultrahigh-dimensional data analysis is fitting the
optimal model and estimating its unknown parameters in such a way that it can correctly
interpret the structure of the investigated data. In this article, we compare two non-local
hyper priors: hyper product moment and hyper product inverse moment priors in
determining the optimal model at the same time as estimating the parameters in variable
selection using Bayesian Shirinkage in ultrahigh-dimensional generalized linear models.
In order to compute the posterior probabilities, the Laplace approximation method was
used, and to select the optimal model in the model space of posterior probabilities,
Simplified Shotgun Stochastic Search algorithm with Screening (S5) for GLMs was used
along with screening. Finally, through the study of simulation and real data analysis, the
effectiveness of the above Bayesian Shirinkage methods has been evaluated with the
ISIS-LASSO and ISIS-SCAD method.

Keywords: Variable Selection, Ultrahigh dimensional, Penalized likelihood, Quality
parameters, ISIS —LASSO, Optimization.

1. Introduction

When the number of covariates grows at a sub-exponential rate of n, variable selection
will be the first step for dimension reduction to estimate the parameters in regression. Our
objective is to fit a GLM by efficiently estimating regression coefficient and use it for
subsequent inference. The increasing use of generalized linear models on the one hand
and the large volume of its inputs on the other hand, causes complications in the stages
of fitting model and estimation of model parameters, so it seems logical in the high-
dimensional state, a small number of input variables entered the statistical model. In
determining the estimation method of the model parameters, the discussion of the
infiniteness of the estimations of the maximum likelihood method and the low skewness
and high variance of the least squares method confirms the necessity of having a method
with the ability to select the variable and estimate the parameters at the same time. Many
common methods have recently been done for variable selection from both frequentist
and Bayesian perspectives. Most of the frequentist methods can be interpreted from a
Bayesian perspective because they share the basic desire of shrinkage toward sparse
models. Local priors (LPs) put a positive probability on the null value of the parameter
whereas nonlocal priors (NLPs) put zero probability on the null value.
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Figurel. A depiction of normal local prior and Nonlocal priors pMOM and piMOM according to
the scale parameter between 3 and -3.

Thus, nonlocal priors consider a clear separation between the null hypothesis that the
regression coefficient is equal to zero and the alternative hypothesis that the coefficient
is different from zero. (Johnson & Rossell) [4] can refer to a detailed discussion on
properties of local and nonlocal priors in the context of Bayesian testing. Nonlocal priors
lead to faster accumulation of evidence in favor of a true null hypothesis. This latter
property was demonstrated by (Johnson & Rossell) [5] for a Gaussian linear model.

2. Problem modeling

For generalized linear regression with the p <n setting, (Wu, Ferreira, Elkhouly, & Ji)[8]
propose hyper nonlocal priors for variable selection in generalized linear models. They
combine the Fisher information matrix with the Johnson and Rossell moment and inverse
moment priors and assign hyper priors to the scale parameters. Let y,, = (y4,...,¥,) be
an n-dimensional response vector and X,, be a n X p design matrix, where n is the
sample size and ] is the total number of covariates. Suppose M denotes the model space

that collects all the model indicesK ; i.e,M = {k: k < {0,1}P} and |k| is cardinal of k

set. We assume that the true model exists, and is defined as the smallest model in the
model space M that contains the true data-generating distribution. Consequently, the
problem of selecting the best subset is now equivalent to the problem of identifying the
true model inM. Lett < {1,2,...,p} be the true model. When the link function is logit

asg(w) = log (ﬁ) , then the likelihood function of y|B~f (y|x" B) will be

B = exp(x! B) g 1 o
L(Bly) = |'_1| (1 n exp(x,-TB)> (1 + exp(xfﬁ)>
i= 1

= exp {Z yix?ﬁ} / [ [i1+ewcim
i=1 i=1

If diag(I;,o) = Iy is unit Fisher information matrix evaluated atg = 0, moment and
inverse moment (piMOM) priors will be

L3
T (Biclk) = (@2 1o/ X N(Bi 0, (0) o)™ x [ [ 181l ™+
T @

r|k|/2 I -r/2
O ol expt ) 816009 x [ [ 1Bt
i=1

k =
Tl.'I(Bk' ) ]—'(g)lkl
The scale parameter 7 inthe nonlocal prior density reflects the dispersion of the nonlocal
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prior density around zero, and determines the size of the regression coefficients that will
be shrunk to zero. We suppose 7 has the inverse gamma hyper prior in pmGLM and a
gamma hyper prior in pimGLM that are able to learn about the prior scale parameter from
data and provid robust inferential results. Also the model space prior is assumed as
follows

n(k) o< 1(|k| < mp) 3)

The ;= O(min{log p'(n)a}) for 0 < a <1, IS @ positive integer restricting the
" log p

size of the largest model, and a uniform prior is placed on the model space restricting our
analysis to models having size less than or equal to m, .

By the hierarchical Bayesian model (1) to (3) and Bayes’ rule, the resulting posterior
probability for moment (pMOM) and inverse moment (piMOM) priors will be
exp{ZiL, yix] B}

—r|kl/2 r/2 . .
T Bilyn) X ety <P Ml XN B 0, (o))
- 4)
X | | 1Bl T x I(|k| < my)
]
n oyl rlkl/2 —r/2 Ik
T (Bilyn) « expBiLyixi By (O ol

Ml + e (W e B} x| [l

X I(|k| < my)

Then with the 0—1 loss function, a possible estimator of 8, based on posterior is the
maximum a posteriori (MAP) estimator and it is defined by
By = argmaxg m (Bi|y») ®)

Of course, the closed form of posterior probabilities (4) cannot be obtained due to not
only the nature of GLMs but also the structure of hyper nonlocal prior. Therefore, special
efforts need to be devoted to computational strategy. Laplace approximation maximizes
the logarithm of the unnormalized joint posterior density with one of several optimization
algorithms and the goal is to estimate the posterior mode and variance of each parameter.
In variable selection perspective, the essence is to force the estimated model to be sparse

by penalizing dense models. The resulting posterior probability for model K is denoted

by,
_ mme(yn)
) = S Gmy ) ©
m, (Y, ) is the marginal density of y, under model K given by
My (Yn) =fexp{f(ﬂklyn)}ﬂ(ﬁklk)dﬁk )

where log likelihood function is
ool (o) ) 1
B = 'og[l:[[u exp(x, BK)J [1+ exp(x, BK)J J ©

In particular, these posterior probabilities can be used to select a model by computing the
posterior mode defined by

k =argmax, z(k|y) (9
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The marginal density m, (Y,,) does not have a closed form for GLMs, then according to

Tierney & Kadane [7], Laplace approximation to the marginal likelihood of model k
observing Y, is given by

~ M a2 = = 10
My (yn) = 2m) 2 | ~Hi| 2 exp[ £Bilyn)m(Bilio (10)
where E(Ek |y,) denotes the log likelihood function, ﬁk denotes the posterior mode of

B, under model K,and |:|k denotes the Hessian matrix of the logarithm of the posterior

of B, evaluated at ﬁk Finally, we replace m, (y,) in (6) with m,(y,) for any
K eM, to obtain 7 (K |y, ) , the approximate posterior probability of model K , and

then employ 77(K | y,,) as the criterion for Bayesian variable selection. We consider the
following regularity conditions for theoretical properties of our posterior:

Condition (A1): For some0 < a <1,

logp = 0(n%)

_ n

) (12)
0<t<logp

Condition (A2): For some0 < a <1,

n}gxlxikl <1 (12)

14
lim Z 1BL] < o0
p—)oo k=1
2
[1Bo.cll, = 0(Clog p)*)
Condition (A3): For some A>0 , suppose the ordered eigenvalues
0<A <4, <..£ A4, of unit Fisher information matrix I(B,) and the Gram matrix

X X,
——— | over model k, then,
n

;
0<A< min 4 (1(Bo,)) < max ﬂmax(xk X jg(log p)* (13)
(| kl=m, ! n

K| k:|k|<m,

Condition (A4) (Beta-min condition): Let t < {1,2,..., p} be the true model, for some

constantC >0,
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Tx
L (ltllzrllkaléctl( kn k) log Pmax \ 14
Té{lﬂk > Cmaxi 1 {}} (14)
logp

3. Computational Strategy

After using the Laplace approximations for the marginal probabilities in (10), we need
method to explore interesting regions of the resulting high-dimensional model spaces and
quickly identify regions of high posterior probability over models. For computational
purposes, we use another stochastic algorithm to search the model space by rapidly
identifying regions with high posterior probability and finding the maximum a posteriori
(MAP) model. The Simplified shotgun stochastic search algorithm with screening is a
stochastic search method that screens covariates at each step to explore the enormous
model space. To increase the efficiency of exploring the model space, we use the S5
algorithm proposed by (Shin, Bhattacharya, & Johnson)[6] for variable selection in linear
regression problems. It is a stochastic search method that screens covariates at each step.
The concept of screening covariates for GLMs response data is proposed in (Fan & Song)
[2] and defined a more general version of the independent learning with ranking the
maximum marginal likelihood estimator (MMLE) or the maximum marginal likelihood

itself. Suppose that the current model iskK . Let K© be the complement of set k containing
columns of the design matrix that are is not presented in the current model. The S5
algorithm for GLM data works as follows: At each step the d = 2[log p] covariates with

highest maximum marginal likelihood are candidates to be added to the current model K

and comprise the addition set, ', . The deletion set, "~ contains the current model,

except that one variable is removed. From the current model K , we consider moves to
. . . + — . .y . .

each of its neighbors in I';, and I with a probability proportional to the marginal

probabilities of these neighboring models. To avoid local maxima, the model probabilities

used in S5 are raised to the power ofl/t' , Where t' isthe lth temperature in an annealing
schedule in which “temperatures” decrease. To increase the number of visited models, a
specified number of iterations are performed at each temperature. At the end of the
procedure, the model with the highest posterior probability of visited models is identified
as the HPPM.

4. Simulation Studies

We applied our method to both simulated data and real data, to investigate the
performance of the proposed method. Iterative Sure independence screening (ISIS) was
introduced by (Fan & Lv)[1] to reduce the computation in ultra-high dimensional variable
selection. It refers to ranking features according to marginal utility, namely, each feature
is used independently as a predictor to decide its usefulness for predicting the response.
In the ISIS-SCAD/LASSO method, first the Iterative Sure Independence Screening for
different variants implements, and then fits the final regression model using the SCAD/
LASSO regularized log likelihood for the variables picked by ISIS. In simulation studies,
Letn = {200,400} and p = {1000,2000,3000,4000}, X be the design matrix and for a

true model K , the response vector represents a sequence of Bernoulli samples with
probability of success
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eX{kﬁk
T =7 (15)
1 + eXikPk

Elements of the design matrix X were sampled from a multivariate normal distribution
with mean 0 and covariance matrix X, under the Autoregressive correlated design, where
X, = 0.5 for all 1 <i <j < p.With the fixed true model t = (1,2,3,4,5,6) and
coefficientB? = (2,—2,4,3, —3, —4).The variable selection procedure in all algorithms
was run 50 times. In each trial, true and false positive values for hpmUGLM, hpimUGLM
and ISIS-SCAD/LASSO were counted by comparing the selected model with the true
one. To evaluate the performance of variable selection, mean-squared prediction error
(MSPE) and mean-squared error (MSPE) were conducted. The criteria are defined as

Ntest

MSPE = —— " (9 = Yeeses)? (16)
test i=1
Ntest
MSE(R) = (i = m)? an
test im1

Following tables summarize the results of applying hpomUGLM , hpimUGLM, ISIS-
SCAD and ISIS-LASSO approaches to the simulation data

Table 1. The mean-squared prediction error (MSPE) to evaluate the performance of variable
selection based on each method.

For n=200 hpimUGLM hpmUGLM SISSCAD SISLASSO
p=1000 0.214360 0.5266667 0.103400 0.110218
p=2000 0.223594 0.5266667 0.126842 0.083746
p=3000 0.161210 0.5266667 0.111738 0.126532
p=4000 0.230350 0.2044667 0.102818 0.098780

Table 2. The mean-squared error (MSE) for success probability to evaluate the performance of
variable selection based on each method.

For n=200 hpimUGLM hpmUGLM SISSCAD SISLASSO
p=1000 0.2326000 0.4082000 0.7049667 0.6416333
p=2000 0.2593000 0.3885333 0.5361667 0.6188667
p=3000 0.1262000 0.3695333 0.558200 0.4418000
p=4000 0.2921667 0.3362667 0.6959000 0.6765333

As can be seen from the results listed in tables 1 and 2, The mean-squared prediction error
in the selection of variables using the LASSO and SCAD methods are lower than the
Bayesian methods hpmUGLM and hpimUGLM, while The mean-squared error (MSE)
for success probability of the logit model for the Bayesian method hpmUGLM and
hpimUGLM, have lower error than the LASSO and SCAD, which is a sign that the
Bayesian methods are more appropriate in the evaluation of the performance of variable
selection methods.
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Figure2. A depiction of the mean square error of the probability of success in four methods
hpmUGLM, hpimUGLM, SIS-SCAD and SIS-LASSO for different sizes of p.

It can be seen that the selection of the variable by the Bayesian methods in the two cases
of using the non-local priors moment, in determining the probability of success of the
logit model, has a lower error than the compensated probability models of LASSO and
SCAD, on the other hand, the use of non-local priors of inverse moment minimizes this
error, which is a more suitable sign of the method in estimating the true value of the
response variable.
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Figure3. ROC curve with 50 repetitions of data in four methods hpmUGLM, hpimUGLM,
SIS-SCAD and SIS-LASSO for different sizes of p.

The larger the area under the ROC curve is, the more suitable the model is in estimating
the true value of the response variable. As can be seen from the Figure3, the area under
the ROC curve in the variable selection methods with the LASSO and SCAD is more
than the Bayesian contraction methods, which can be caused by the imbalance of the
number of zeros and ones. related to the response variable, because one of the defects of
the ROC curve in non-aligned states is that these curves in this state show the surface of
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the curve with a bigger error.

4. Real data analysis

In this section, the behavior of the proposed methods is studied by using the data related
to the blood cancer disease and efficiency of electric motor data. (Golub, Slonim,
Tamayo, & Huard)[3] studied patients with leukemia to group cancer based on the type
of gene present in DNA. Our goal is to use the data of Golub et al. and distinguish between
two types of acute leukemia: bone marrow 1 and lymph 2. The design matrix contains
DNA arrays from bone marrow samples and includes 72 samples and 7129 genes. We
split the data into training and test sets so that the test data contains the information of 34
acute leukemia patients, including 20 bone marrow type patients and 14 lymph type
patients, and the training data contains the information of 38 cancer patients. Acute blood
includes 27 patients of bone marrow type and 11 patients of lymph type.

Table 3. The results of performing variable selection to the blood cancer disease data using
four methods hpmUGLM, hpimUGLM, SIS-SCAD and SIS-LASSO.

For Real data hpimUGLM hpmUGLM SISSCAD SISLASSO
MSPE 0.3529000 0.44120000 0.1176000 0.1471000
MSE 0.1020000 0.24690000 0.1591000 0.2413000

Table 4. The results of performing variable selection in efficiency of electric motor data using
four methods hpmUGLM, hpimUGLM, SIS-SCAD and SIS-LASSO.

For Real data hpimUGLM hpmUGLM SISSCAD SISLASSO
MSPE 0.1774 0.1229 0.1276 0.1276
MSE 0.2473538 0.2224155 0.2464783 0.2464783

In evaluating the use of variable selection methods for blood cancer data, it can be seen
from the results listed in Table 3 that the mean squared error of the Bayesian methods is
lower, while the Mean square error of the probability of success shows the opposite result,
that is, in the case of using hyper-nonlocal priors, the probability of success of the logit
model has a lower error than LASSO and SCAD in the diagnosis between two types of
acute leukemia: bone marrow and lymph.

5. Discussion and conclusion

In this article, the performance of non-local hyper priors: hyper product moment and
hyper product inverse moment priors, have been compared in variable selection at the
same time as parameter estimation in high-dimensional generalized linear models using
Bayesian Shirinkage Variable Selection methods in order to establish the computational
conditions in the proposed method, constraints are considered, then assuming the
constraints of the problem, due to the computational complexity of the posterior
probabilities caused by the use of nonlocal priors and generalized linear models, from the
Laplace approximation for The calculation of the numerical value of the marginal
probability of the posterior denominator was used and finally the approximate value for
the posterior probabilities of all the models in the model space was calculated. On the
other hand, in order to select the optimal model in the huge model space, the simplified
shotgun stochastic search algorithm with screening (S5) for GLMs has been implemented.
Finally, the performance of the proposed methods has been evaluated by simulation study
and analysis of a real data set. The results show that the selection of the variable by
Bayesian Shirinkage Variable Selection methods by using the hyper-nonlocal priors of
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the moment and the inverse moment priors, considering that in determining the
probability of success of the logit model, there is less error than the models It has Lasso
and Scad, so it performs better in estimating non-zero coefficients and model selection,
and on the other hand, the use of non-local priors of inverse moment priors minimizes
this error, which is a more suitable sign of this method.
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