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5 Multivariate exponentially weighted moving average
6 Combined exponentially weighted moving average

7 Noninformative prior distribution

8 Loss function

% Average run length
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11 Adjusted average time to signal
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13 Conjugate prior distribution
14 Posterior density
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Abstract: In this article, the economic-statistical design of the Bayesian control chart
based on the predictive distribution for individual observations of the exponential
qualitative characteristic distribution is presented. In doing this, two types of the
conjugate prior distribution and Jeffrey's distribution are considered, and based on the
distribution of observations in phase I, the predictive distribution is determined. Then,
using the economic model of Lorenzen and Vance, an economic-statistical design has
been obtained for the data. Optimal design parameters (sampling distance and control
limits) have been determined using a genetic algorithm and sensitivity analysis has been
performed for different values of model parameters. The results of this approach have
been compared with the results of the classical model. According to the results, this
method is more effective than the classical method.

Keywords: Bayesian control chart, Prior distribution, Predictive distribution,
Economic-Statistical Design (ESD), Genetic Algorithm (GA).

Aim and Introduction

The purpose of this paper is to present an economic statistical design for the Bayesian
control chart based on the predictive distribution for individual observations with an
exponential qualitative characteristic distribution with two types of informative and
non-informative prior distributions.

To design a control chart, it is usually assumed that the qualitative characteristic follows
the normal distribution, but, in practice, this is not always true. When a quality
characteristic follows a non-normal distribution, using a control chart assuming a
normal distribution may mislead quality engineers and increase inspection costs. When
the quality characteristic is not normal, if the variance is finite and the sample size is
large enough, according to the central limit theorem, the X distribution will be almost
normal, while in the economic design of control charts, small sample sizes are usually
used. In such cases, the above proposition is not valid.
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As noted by Santiago and Smith [15], data not collected under rational subgroups can
be very skewed. The exponential distribution is well consistent with very skewed data,
more details on this can be found in Schilling and Nelson [16] or Stoumbos and
Reynolds [17]. Santiago and Smith [1] and Aslam et al. [1], noted that exponential
distributions are best considered for the time between events in the skew quality
characteristics. The control chart for the exponentially distributed quality characteristic
is sometimes called the t-chart. They proposed t-chart for exponential distributions
using the transformation proposed by Nelson [10].

During monitoring, a control chart is used to detect the occurrence of an assignable
cause. The design of control charts has several statistical and economic consequences,
both of which are influenced by the choice of control chart parameters, including sample
size (n), control limits (L), and distance between samples (k). Economic design of a
control chart means determining the parameters of the control chart in such a way as to
minimize the cost of the whole process per unit time. Duncan [2] and Lorenzen & Vance
[4] examined the economic design of control charts for the normal quality characteristic
while the process failure mechanism has an exponential distribution. However, the
economic design of control charts, although minimizing the average cost per unit time,
can have significant weaknesses in terms of statistical criteria. For example, to detect
small changes in the process average of this type of design can lead to a high error rate
or a high probability of type I error. The probability of type Il error can also be very
high. These two issues can lead to a loss of confidence in a company's production line
manager in the use of control charts in-process monitoring. Saniga [14] proposed a
solution to this problem, the result of which he called economic-statistical design. In
this type of design, by considering the high limit for the possibility of type I and type Il
errors, in addition to minimizing the cost, these two types of errors are also controlled
at the desired level. Veljkovic et al. [18] presented the economic statistical design of the
X control chart when the quality characteristic distribution is symmetric but non-
normal.

Menzefricke [5] first introduced Bayesian control charts based on predictive
distribution for univariate means and proportions when the data were generated from a
normal distribution. He then presented in [6], [7], [8], [9] of Bayesian control charts for
variance and coefficient of variation, generalized variance and Multivariate
Exponentially Weighted Moving Average (MEWMA) for the mean and combined
Exponentially Weighted Moving Average (EWMA) for the mean and variance based
on predictive distribution. Raubenheimer and Van der Merwe [12], [13] with metrics
defined by Menzefricke [5] developed control charts using Jeffrey’s prior for
nonconformities and introduced the Bayesian method for the Phase-11 Shewhart-type p-
chart. Kumar and Chakraborty [3] proposed a Bayesian t,.-chart -which is a Shewhart-
type chart that incorporates parameter uncertainty via a prior and a posterior
distribution- when the exponential rate parameter was unknown. The advantage of this
method is that any existing information about the process from any past experience can
be entered into the Phase-1l control chart system along with the prior distribution for
the parameter. Control limits can then be created based on predictive distribution. Soria
Noor et al. [11] recommended Bayesian EWMA control charts for mean in non-normal
lifetime distributions based on exponential distributions and converted exponentially to
inverse Riley and Weibull distributions using noninformative prior under five different
loss functions.

In this paper, we present an economic-statistical design for the X control chart based on
predictive distribution for the first time, and by placing constraints on the Average
Number of false Alarms (ANF) and Adjusted Average Time to Signal (AATS)
parameters in the cost model.
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Methodology

The design used in this research is based on determining the limits of the control chart
based on the predictive distribution and then its economic statistical design. Due to the
extreme asymmetry in the obtained predictive distribution, we have used the
mathematical method of finding the quantiles of the resulting distribution in
determining the control limits. We have also used the same method for the classic FRS
mode so that the results can be compared.

Findings

Numerical results show decreases in costs in this Bayesian approach with both Jeffrey's
and conjugate prior distribution compared to the FRS mode. This result shows that the
Bayesian approach which is based on predictive density works better than the classical
approach. Also, for the Bayesian approach, however, there is no significant difference
between the results of using Jeffrey's and conjugate prior distributions. Using sensitivity
analysis, the effect of cost parameters and shock model parameters and deviation from
the mean on the optimal values of design parameters and related costs have been
investigated and discussed.

Discussion and Conclusion

The geometric mean of the expected value of the cost per unit time in the conjugate
prior, Jeffrey's prior, and classical mode is 62/35, 62/29, and 63/54, respectively which
show that the expected value of the cost per unit time in the Bayesian approach based
on predictive distribution with Jeffrey’s and conjugate prior distributions is 2% lower
than the expected value of the cost per unit time in the classical mode. This result shows
that the Bayesian approach based on predictive distribution performs better than the
classical approach. Meanwhile, in the Bayesian approach, there is no significant
difference between the results of using the prior Jefferey's and conjugate distributions.
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