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Abstract: Considering the high flexibility of type-2 fuzzy sets to represent
uncertainty, their applications in different scopes included control charts are extended.
In this paper, to control the centrality of non-normal and ambiguous processes, two
non parametric control charts included sign and signed-rank charts have been
developed using interval type-2 fuzzy sets. In the type-2 fuzzy sign chart and type-2
fuzzy signed-rank chart, the observations of each sample are compared with the
centrality of the process in the control state, which for this purpose it used two
different methods. To describe the applicability of the proposed charts, they are used
in an example with real data and it is showed their correctness performance. Also, to
evaluate the performance of type-2 fuzzy sign chart and type-2 fuzzy signed rank
chart, simulation programs have been used in which type-2 fuzzy random variables
with three different density functions are generated and in each distribution and both
methods, the average run length (ARL) of the charts are calculated. The numerical
results show the appropriate performance and applicability of the type-2 fuzzy sign
chartand type-2 fuzzy signed-rank chart to control the centrality of non-normal fuzzy
random variables.

Keywords: Non parametric Control Chart , Interval Type-2 Fuzzy Sets, Type-2
Fuzzy Sign Chart, Type-2 Fuzzy Signed Rank Chart.

1. Introduction

Type-2 fuzzy sets are very flexible to represent uncertainty and so their applications extended
in different scopes. In this paper, to control the centrality of non-normal and ambiguous
processes, two non-parametric control charts included sign and signed-rank charts have been
developed using interval type-2 fuzzy sets.

2. Litreture review

The used concepts for the development of sign and signed rank charts by using interval type-2
fuzzy sets is described as follows:

2.1. The sign statistic

To centrality control, the sign statistic is calculated in the ith sample (size of n) as
follows:

n

SN; = z sign(x; — Hy) @

j=1

Where in above equation, x;; is j"" observation of i sample and y, is process centrality
in steady state. Also the sign shown the sign function.
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2.2. The signed rank statistic

To centrality control, the signed rank statistic is calculated in the it sample as follows:

n
w; = z sign(x; — MO)Rlxij - .U0| &)

j=1

In above equation, the R function shown the rank of |x;; — po|-
2.3. Interval type-2 fuzzy sets

An interval type-2 fuzzy set for example A (figure 1) shown as follows:

U U U U,
A= (af,ai,af,ai; he)
= Ul
(al,az,a3,a4,hfz)

©)

>
>

hl ___________
a ]I 1 \
1 1
1 1
1 1
1 1
u

ai a4 d d o 4}

Figure 1- An example of intrval type-2 fuzzy sets

3. Development sign chrt and signed-rank chart using intrval type-2 fuzzy sets

To develop the sign chart and signed-rank chart with interval type-2 fuzzy sets, two
methods are proposed included defuzzification and distance methods. These methods
described as follows:

3.1. Defuzzificatiom method

To calculate the sign and signed rank statistics must be type-2 fuzzy sets are compared
together and in defuzzification method, type-2 fuzzy set (for example A) convert as
crisp value by following equation [1].

1
a= g((ai’ +hYa¥ +hYal +al) + (al + hbal + hbal + ai)) 4
3.2. Distance method

In this method to compair type-2 fuzzy sets, their distances from a positive and crisp
large value (M) are calculated by following equation [2]:
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1
d(A, M) = 3 (al+ ab+ai+dl) + (4al+2ad+2aY+4a¥)

hl (5)
-3 (h—g> (a¥—ay—a¥+al) —16m
a

4. Descriptive example

In a company to control the centrality and dispersion of the width of female pins in
the production terminal blocks (X), is used type-2 fuzzy X and S control chart [3]. To
determine the limits of these charts, the number m=25 samples of size n=6 from the
process have been selected and the values of observations for each sample are
determined as "approximation a" and then these values are converted to type-2 fuzzy
sets.

In the sign chart and signed rank chart, the observations of each sample compare with
centrality of process in steady state. in this paper to estimate the centrality of process,
the X statistic used and then the values of the sign statistic and signed rank statistic
calculated in defuzzification and distance methods for each sample. The sample
observations and the values of sign and signed rank statistics are shown in table 1.

The figure 3 and figure 4 shown type-2 fuzzy sign chart and type-2 fuzzy singed rank
chart for described example respectively. As can be seen in both charts, all samples
are under control. This results are similar with results from type-2 fuzzy X control
chart.

Table 1. The samples, sign and signed rank statistics in defuzzifiction and distance methods

E Sample observations Distance Method Defuzzification Method

E ¥ -

El L o o om0 R R R R I I~ I# I‘ I... 1

S 6 s ne s a a1 1 1 11 1SN Wi F F a8 oF s oF |SNi| Wi
g £ £ £ 2 £ 4 T T T YT

a e e R e e % a & & &a & 8

1 (06 06 0.7 06 0.6 07(-003 003 007 003 003 007] -2 | 1 [-005 005 014 005 005 024 -2 | 1
2 |05 06 05 06 0.7 05(-012 003 -0.12 003 007 -012| -4 |-15(-0.26 -0.05 -0.26 -0.05 0.14 -0.26| -4 [-15
3 |08 06 07 07 0.7 07016 002 007 007 007 007| 4 |19 |034 006 014 014 014 014| & |19
4 |06 06 05 06 0.7 05|-003 003 -012 -003 007 -012| -4 | -13|-006 -0.06 0.26 -0.06 0.14 -0.26| 4 | 13
5 |07 06 05 06 0.6 05| 007 003 012 -003 003 -012| 4 |13 (014 -006 026 005 006 -026| 4 [-12
6 |07 08 07 07 06 06( 007 015 007 0.07 -003 -002| 2 15 | 0.14 034 0.4 0.14 005 -0.05| 2 | 15
7 |06 0.7 0.7 06 0.6 06(-003 007 007 003 003 003 -2 | 1 [-006 014 014 -005 005 -006| -2 | 1
8 |06 0.7 0.7 0.7 0.6 06(-003 007 007 007 -003 003| 0 | 9 [-006 014 014 0.14 0056 -006| 0 | 3
9 |06 0.7 0.7 06 0.6 06(-002 007 007 -002 -003 003 -2 | 1 [-006 014 014 -005 -0.06 -0.06| -2 | 1
10|07 0.7 0.7 06 0.6 056|007 007 007 003 003 -003| 0 | 9 (014 014 014 006 006 -006| 0 | 5
11 |06 06 0.7 06 0.7 05(-003 003 007 -002 007 -012| -2 | -2 [-006 -006 014 -006 0.14 -026| -2 | -2
12 |06 0.6 0.6 05 0.6 07)-003 -003 -0.03 -012 003 0.07| 4 (-11|-006 -0.06 006 -0.26 0.06 014 4 |-11
13 |06 06 06 0.7 0.6 05(-003 003 003 007 003 012| 4 |-11(-006 005 -0.06 0.14 006 -026| 4 |-11
14 |06 06 0.7 07 0.7 07(-003 003 007 007 007 007| 2 |15 [-006 006 014 0.14 014 014| 2 |15
15 |06 0.6 0.7 06 0.6 05(-003 003 007 002 003 -012| 4 |-11(-006 -006 0.14 -006 006 -026| 4 [-11
16 |06 0.7 0.7 0.7 0.6 06(-003 007 007 007 -003 -003| 0 | 9 [-006 014 014 014 006 -006| 0 | 5
17 |07 0.6 06 07 0.6 056|007 003 002 007 003 003 -2 | 1 (014 006 006 0.4 006 -006| -2 | 1
18 |06 0.7 06 06 0.7 07|-003 0.07 -0.03 -003 007 0.07| O 9 |-006 014 -006 -006 014 014 O -]
19 |06 0.6 0.7 06 0.5 06(-003 003 007 003 012 003 4 |-11(-006 005 0.14 -0.05 026 -006| 4 |-11
20 |07 0.6 05 06 0.6 05(007 003 012 003 003 -012| 4 |-13( 014 -006 -0.26 -0.06 006 -026| 4 [-13
21|07 05 06 07 0.6 07007 012 003 007 003 007 0 | 3 (014 026 006 014 005 04| 0 | 2
22 |06 06 0.7 06 0.7 0.7(-003 003 007 002 007 007 0 | 9 (006 -006 014 -006 014 034| 0 | 5
23|07 06 07 06 05 05| 0.07 -003 007 -003 -012 012 -2 (-7 | 0314 D05 014 -006 026 -0.26| -2 | -7
24 |07 0.7 06 06 0.6 07(007 007 003 003 003 007 0 | 9 (014 014 006 006 006 04| 0 | 2
25 |07 06 0.7 06 0.7 07007 003 007 -003 007 007] 2 |15 |014 005 014 -005 014 034] 2 |15
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Figure 1. Type-2 fuzzy sign chart for described example
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Figure J. Type-2 fuzzy signed rank chart for described example

5. Performance evaluation for type-2 fuzzy sign chart and type-2 fuzzy signed-
rank chart

The performance of type-2 fuzzy sign chart and type-2 fuzzy signed rank chart in
defuzzification and distance methods are calculated by simulation programs in
MATLAB software. The characteristics of normal, uniform and Laplace distributions
in simulation programs is shown in table 2.

Table 2. Parameters of normal, uniform and Laplace distributions in simulation programs

Distribution Uniform Normal Laplace
. . 1 1 —G-w? 1 -lx-6l
Density function o e 202 —e 1
y B-a V2 21
Parameters values B=vV3,a=—-3 u=00=1 6=01=1/\2

Also the Characteristics of sign chart and signed rank chart in simulation programs
are as follows:

Sign Chart (=10, UCL=9, LCL=-9, tns=10000, ALR, ~512)
Signed rank chart (=10, UCL=53, LCL=-53, tmax=10000. ALR, ~512)

The performance of type-2 fuzzy sign control chart is shown in table 3.
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Table 3. The ARL and SDRL for type-2 fuzzy sign chart

method | jjst) k 0 0.2 04 |06 |08|10(12|14(16|18(20]|25(3.0

ARL |510.08 313.02 126.77 52.14 23.13 10.85 5.30 2.73 1.48 1.00 1.00 1.00 1.00
SDRL|507.15 312.01 127.12 51.63 22.74 10.24 476 217084 0 0 0 O

ARL [518.70 225.78 68.23 24.86 10.85 5.65 3.41 2.35 1.77 1.44 1.26 1.07 1.01
SDRL|515.91 230.00 67.74 24.19 10.27 5.15 2.84 1.81 1.14 0.81 0.58 0.27 0.11
ARL [507.80 187.25 59.91 24.65 12.74 7.51 5.16 3.32 2.88 2.35 2.00 1.54 1.29
SDRL[502.13 189.48 59.30 24.08 12.33 6.97 4.59 3.19 2.31 1.79 1.42 0.90 0.61
ARL [503.97 313.34 125.51 52.22 23.28 10.83 5.37 2.75 1.46 1.00 1.00 1.00 1.00
SDRL |505.17 314.78 124.03 52.84 22.95 10.38 494217082 0 0 0 0

ARL |518.26 229.20 68.87 24.61 10.90 5.58 3.44 2.30 1.74 1.43 1.26 1.07 1.01
SDRL |523.04 231.72 68.73 24.49 10.31 5.10 2.94 1.71 1.15 0.78 0.58 0.27 0.11
ARL [509.24 187.32 59.20 24.74 12.69 7.66 5.12 3.73 2.89 2.33 2.03 1.52 1.29
SDRL|505.54 186.76 57.75 24.61 12.23 7.19 4.57 3.24 2.33 1.79 1.43 0.90 0.61

Uniform

Normal

Defuzzificati
on

Laplace

Uniform

Normal

Distance

Laplace

The Average run length (ARL) values of Type-2 fuzzy sign chart in different
distributions for defuzzifiction and distance methods are shown in figure 4 and figure
5 respectively.

550
500
450
400
350
300
250
200
150
100

50

—
0 —C=0—0—0—0—0 0 o

0 0/2 o/4 0o/6 0/8 1 1;2 1/4 1/6 1/8 2 2/2 2/4 2/6 2/8 3

—@— Normal ARL —— uniform ARL laplace ARL

Figure 4. The ARLs values for type-2 fuzzy sign chart in three distributions (Defuzzifiction method)
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~
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0 o= —— =

0 0/2 o/4 0o/6 0/8 1 1/2 1/4 1/6 1/8 2 2/2 Z/4k /2/6 2/8 \3/

—®—normal ARL —@— uniform ARL laplace ARL

Figure 5. The ARLSs values for type-2 fuzzy sign chart in three distributions (Distance method)

According to the above figures, it is clear that in both defuzzification and distance
methods, the probability of detecting small changes increases in uniform, normal and
Laplace distributions, respectively.

Also the performance of type-2 fuzzy signed rank control chart is shown in table 4.
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Table 4. The ARL and SDRL for type-2 fuzzy signed rank control chart

k

method 0 0.2 04 | 06|08 |10 (12(14(16|18|20]|25]|3.0

Dist.

ARL [512.65 314.62 128.01 52.66 33.35 10.75 5.29 2.73 1.47 1.00 1.00 1.00 1.00
SDRL [507.36 318.08 127.21 51.46 22.96 10.08 481218081 0 0 0 0

ARL |505.36 228.59 68.58 24.99 10.84 559 3.44 2.33 1.77 1.44 1.25 1.06 1.01
SDRL [508.08 224.87 68.14 24.17 10.33 5.09 2.90 1.74 1.17 0.80 0.56 0.25 0.12
ARL |518.30 188.28 58.74 24.82 12.57 7.57 5.10 3.76 2.94 2.39 2.02 1.51 1.30
SDRL [526.35 188.76 57.16 23.97 11.94 7.16 4.58 3.32 2.44 1.81 1.45 0.88 0.61
ARL [515.56 312.28 127.17 51.74 23.02 10.80 5.25 2.70 1.47 1.00 1.00 1.00 1.00
SDRL[515.91 312.28 125.28 51.61 22.22 10.38 472212083 0 0 0 0

ARL [511.31 188.36 59.38 24.66 12.65 7.72 5.09 3.72 2.92 2.38 2.00 1.52 1.29
SDRL[510.57 188.32 58.83 24.44 12.06 7.23 4.53 3.16 2.37 1.83 1.45 0.89 0.61
ARL [520.72 185.89 57.47 24.61 12.61 7.70 5.10 3.74 2.93 2.38 2.03 1.52 1.29
SDRL [520.41 184.71 56.14 23.95 12.00 7.22 4.55 3.14 2.41 1.80 1.44 0.88 0.61

Uniform

on

Normal

Defuzzificati

Laplace

Uniform

Normal

Distance

Laplace

The ARLs values of Type-2 fuzzy signed rank chart in different distributions for
defuzzifiction and distance methods are shown in figure 6 and figure 7 respectively.

50 AL

—

Te—— 4

0 0/2 o/4a o/6 0/8 1 1/2 1/4 1/6 1/8 2 2/2 2/4 2/6 2/8 \3,

—®— Normal ARL  —@—uniform ARL laplace ARL

Figure 6. The ARLSs values for type-2 fuzzy signed rank chart in three distributions (Defuzzifiction
method)
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0 o0/2 o/4 06 0/8 1 1/2 1/4 1/6 1/8 2 2/2 2/4 2/6 2/8 3

—@—normal ARL  —@—uniform ARL laplace ARL
Figure 7. The ARLs values for type-2 fuzzy signed rank chart in three distributions (Distance method)

According to the above figures, it is clear that in both defuzzification and distance
methods, the probability of detecting small changes increases in uniform, normal and
Laplace distributions, respectively.
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Also the performance of Type-2 fuzzy sign and Type-2 fuzzy signed rank control
charts are compared for normal, uniform and Laplace distributions and are shown in
figure 8, 9 and 10 respectively.

500 —@—sign ARL —@—signed rank ARL

@ ®
0 0/2 0/4 o/6 0/8 1 1/2 1/4 1/6 1/8 2 2/2 2/4 2/6 2/8 3

Figure 8. Performance comparing for type-2 fuzzy sign chart and type-2 fuzzy signed rank chart (Normal
distribution)

—@—sign ARL —@—ssigned rank ARL
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Figure 9. Performance comparing for type-2 fuzzy sign chart and type-2 fuzzy signed rank chart
(Uniform distribution)
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Figure 10. Performance comparing for type-2 fuzzy sign chart and type-2 fuzzy signed rank chart
(Laplace distribution)

According the above figures, the performance of sign chart and signed rank charts
with type-2 fuzzy sets in detecting changes in the Laplace distribution are similar, but
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in the normal and uniform distributions in detecting small changes, the performance
of signed rank chart is better than the sign chart.

Finally, the performance of type-2 fuzzy X parametric control chart in different
distributions is shown in figure 11.

800
700
600
500
400
300
200
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Figure 11. The Performance of type-2 fuzzy X-bar chart in different distributions

According figure 11, the probability of type-1 error for fuzzy X chart increases in the
Laplace distribution compared to the normal distribution and it decreases in the
uniform distribution compared to the normal distribution. Also, the probability of
type-2 error for fuzzy X chart decreases in Laplace distribution compared to normal
distribution and it increase in uniform distribution compared to normal distribution.
To compare the performance of type-2 fuzzy X chart with the sign and signed rank
charts with type-2 fuzzy sets and according figures 8-11, it can see that in the normal
distribution, changes detecting of X chart is better from non-parametric charts. Also
sign and signed rank charts have the smaller probability of type-1 error in Laplace
distribution and they have the smaller probability of type-2 error in uniform
distribution.

6. Conclusion

In this paper two nonparametric control charts included sign and signed-rank charts
have been developed using interval type-2 fuzzy sets. In the type-2 fuzzy sign chart
and type-2 fuzzy signed-rank chart, the observations of a sample are compared with
the centrality of the process in the control state which for this purpose it used two
methods included defuzzification and distance methods. The proposed charts are used
to control centrality in a real problem and it is shown their applicability and
performance correctness. Also, to evaluate the performance of type-2 fuzzy sign and
type-2 fuzzy signed-rank charts, simulation programs have been designed in
MATLAB software which in these programs are generated type-2 fuzzy random
variables with normal, uniform and Laplace distributions. Using simulation programs,
the average run length (ARL) and standard deviation run length (SDRL) for the
proposed charts calculated in each distribution and both defuzzification and distance
methods. Numerical results show, the performance of sign chart and signed rank
charts with type-2 fuzzy sets in detecting changes in the Laplace distribution are
similar, but in the normal and uniform distributions in detecting small changes, the
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performance of signed rank chart is better than the sign chart. Due to the appropriate
performance of type-2 fuzzy sign chart and type-2 fuzzy signed rank chart to control
the centrality of non-normal and ambiguous variables, their use improves the quality
of process.

References

[1] Kahraman, C., Oztaysi, B., Sar1, I.U., Turano“glu, E. (2014) Fuzzy analytic hierarchy
process with interval type 2 fuzzy sets, Knowledge-Based Systems, Vol. 59, 48-57.

[2] Chen, T.Y. (2012) Multiple criteria group decision-making with generalized interval-valued
fuzzy numbers based on signed distances and incomplete weights, Applied Mathematical
Modelling, Vol. 36, 3029-3052.

[3] Kaya, I., Turgut, A. (2021) Design of variable control charts based on type-2 fuzzy sets with
a real case study, Soft Computing, VVol. 25, 613-633.

WWW.pgprc.ir CardsS R0 g (oo & b


https://link.springer.com/journal/500

