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Abstract: In this article, we introduce three new distribution-free Shewhart-type control
charts that exploit run and Wilcoxon-type rank-sum statistics to detect possible shifts of a
monitored process is introduced. Exact formulae for the alarm rate, the run length
distribution, and the average run length (ARL) are all derived. A key advantage of these
charts is that, due to their nonparametric nature, the false alarm rate (FAR) and in-control run
length distribution is the same for all continuous process distributions. Tables are provided
for the implementation of the charts for some typical FAR values. Furthermore, a numerical
study carrited out reveals that the new charts are quite flexible and efficient in detecting shifts
to Lehmann-type out-of-control situations.

Keywords: Statistical Process Control (SPC), Control Charts, Parametric Control Charts,
Distribution-Free Control Charts, Average Run Length (ARL), Exceedance Statistics.

1- Introduction

In today's competitive world, quality is the most important factor in advancing the goals of
organizations. Today, quality is known as a business strategy, and the title of industrial giant
is not for countries with mass production, but for countries with industrial growth indicators
(possibility of offering higher quality products, supply of products to international markets,
and the ability to offer products at a lower price). is applied [7]. Achieving industrial growth
indicators is dependent on the use of modern human knowledge and technological growth,
and countries that are aware of the competitive situation have accepted continuous
optimization of their systems (processes and products) as a basic principle and focus more
have focused on optimizing systems [1].

The basis of statistical quality control charts was established by Shewhart in 1924 to control
important changes in the production process and was published in the form of an article in
1925. This diagram is considered as the emergence of statistical process control. This method
was one of the first methods of quality assurance in construction activities that was introduced
in modern industry. Charts and control limits are designed so that if the current performance
is not very different from the normal performance, the value of the statistic calculated from
the current data is within the control limits. If the current performance is significantly
different from the normal performance, then the statistical finding is outside the control
limits, and this situation is considered as an out-of-control situation. In statistical process
control theory, an out-of-control condition is usually caused by identifiable causes, or
reasoned deviations, such as sudden changes in input materials, equipment failure or
malfunction, change of users, etc. In this case, production is usually stopped and research is

VFe) 3ol —F o lols —1Y ol CadaS S g9 § (oo A il


mailto:saghi1862@yahoo.com
mailto:bamenimoghadam@atu.ac.ir

292 Nonparametric Control Charts Based on Runs ....

started to find and eliminate identifiable causes [6]. Due to the importance of using control
charts, there are many control charts available for univariate cases, i.e. when there is only
one output variable to control and monitor. In most control charts, the distribution is usually
assumed to be normal, and almost all functional analysis in the literature also assumes that
the observations are drawn from a normal distribution. . However, most of the process data
does not have a normal distribution, and therefore the stability and resistance of control charts
to this assumption has always been a main issue of the statistical process. Researchers'
findings show that some control charts are strongly affected by abnormal observations [5].
One of these methods is the non-parametric (free-distribution) Schohart control chart
methods. Free-distribution control charts are less well-known and rarely referred to in
specialized books. Nevertheless, control charts without distribution have many advantages
and in some cases are even more efficient than other charts [4].

In this research, three new types of Shewharty's non-parametric control charts (R, N and W)
are introduced, which use Wilcoxon-type total rank statistics and rotations to find out the
possible changes of a process. Then, by comparing these three control charts, we come to the
conclusion that the efficiency of the control chart corresponding to the W statistic is higher
compared to the other two control charts (R and N), and finally, the superiority of the W
control chart in process monitoring is shown.

2- Research Method

In this research, three types of new free-distribution control charts are introduced. The
mentioned charts are used to create suitable control limits, corresponding to the ordinal
statistics of a reference sample, and then to determine whether the process is under control
or not, the number of circulations or the basic-rank statistics of the test sample observations
are placed between the control limits. they take. The first control chart (R) is used for the
maximum length of the observations of the test sample in the combined sample. While the
second control chart (N) counts the number of cycles of observations of the test sample whose
length exceeds a certain predetermined value of k. Finally, the third control chart (W)
calculates the sum of the ranks of the test sample observations that fall between the control
limits.

3- Three new distribution-free control charts

Traditionally, the control limits of a distribution-free control chart are established from a
reference sample drawn from a process which is in-control. Let us then denote by
X1, X5, ..., Xma random sample of size m from the in-control(cumulative) distribution
Fy(x) = F(x) and assume that two specific order statistics, say X,.,,, Xp.n are used as
control limits, viz.,

LCL = X, . UCL =Xy (1<a<b<m) \ (1)
The parameters a, b are design parameters of the chart and their determination is traditionally
achieved through two different approaches. The first one requires a specific FAR to be
achieved while the second maintains a pre-specified in-control average run length (ARL)
value (ARL;,), such as 370 or 500.1t is good to note here that thein-control ARL for a
distribution-free control chart is the same for all (in-control) continuous distributions.
The test statistics used in this article are defined as follows:
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(@) runs of the Y-observations that fall with in the control limits LCL, UCL,
(b) the ranks of the Y-observations that fall with in the control limits LCL, UCL.
Under the null hypothesis Hy: F = G. the number of test sample observations Y; that fall
between successive X-observations should not attain“extreme”values,with extremes being
determined based on the proportion n/m. With this in mind, two plausible test statistics that
could be used for deciding whether the process is in-control are as follows:
the maximum run length of Y-observations that occur between the control limits,
the number of runs of Y-observations (between the control limits) whose length exceeds a
pre-specified level k.
let us denote by M;,i = 1,2,..m .If the test sample observations Y; that fall between the
(i — 1)-th and i-th order statistics of the X-sample (with the convention that
(X(0) = —o0).Clearly, M;. provide the lengths of runs of Y-observations between successive
X-observations. Then, according to the three mentioned statistics, it can be written:

R =max(Mg41, Masz, -, Mp),

N, =|{Mpza+1<i<bM; =k}, (M)
W= ZP=a+1Wi-

(k is an additional integer-valued design parameter) where Wi denotes the sum of the ranks
of the Y-observations falling between X(i—1) and X(i).

Table 1-Design parameters for the three charts with FAR _0.10.

R — chart N — chart W — chart
al|b|rp|r | FAR al|b|ry| | k| FAR a | w | FAR
1/4]1]2]00989 |3]6]2|]0]2]00979 |1]4]4]10] 0.0919

o

Table 2- Reference and test samples

Beference test sample 0.0547494 0.0915627 0.1925020 03298570 0.5872420
0.6464540 0.7250190 0.7319490 0.8796790 09683790

In-control test sample 0.1492300 0.3494970 0.6038480 0.6787060

Out-cf-control test sample 0.0041391 0.0475546 0.1698870 0.1921032

and performing some algebraic manipulations, we obtain the expression
1 2 . 3
W= E(Z?=a+1 Mi) +Z?=a+1 iM; + (Mo ta- E) ?=a+1 M;. ®)

Where M, = Y., M;« denotes the number of observations of the Y-sample before LCL.
When the statistic R is being used, the process will be declared to be in-control if the
following two conditions hold true:

R<r |, My<r, 4)

With r, 1, being the design parameters of the control chart. In a similar vein, when the test
statistic N, is being used, the process will be declared to be in-control, if the following two
conditions hold true:

Ne<mn , My <1 5)
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Finally, if the Wilcoxon-type rank-sum statistic W is used to monitor the process, the process
will be declared to be in-control if the following two conditions hold true:

W<w , My<nm (6)
With w, r, being he design parameters of this chart. With respect to this chart, it is worth
mentioning that the largest possible value of W occurs when all the Y-observations fall in the
interval (Xp_1.m, Xp.m); in this case, their ranks are (b — 1) +j, j = 1,2, ..., n with the
corresponding rank -sum statistic becoming.

(b —1)+ Z n(n +2b— 1) ™

Obviously, the smallest possmle value of W is zero (attained when no Y-observation falls
between LCL and UCL), and consequently the support of the distribution of W is

Ry = {0,1, et 2b 1) ib 1)} (®)

Before closing this section, we shall present an example to illustrate the basic principles of
the proposed nonparametric control charts. Suppose we wish to establish distribution-free
control charts based on a reference sample of size m=10 and test samples of size n=4. In
Table 1, we have presented a choice for the design parameters for each of the three control
charts described earlier that guarantees an FAR of 10% (FAR <0.10).

In order to demonstrate how these control charts perform, let us consider the case in which
the in-control observations come from a uniform distribution on (0, 1); (i.e., F(x) = x,0 <
x < 1.) The first two rows of Table 2 present the simulated reference sample (in ascending
order), using which we obtain the control limits as
R-chart: LCL = Xy.19, UCL = X,.10,

N-chart: LCL = X319, UCL = Xg.49
W-chart: LCL = Xy.19, UCL = X4.10-

After the collection of the reference sample, if the process continues to remain in-control, the
test samples of size n =4 will also come from a uniform distribution in the interval (0,1). One
such sample has been generated and is presented in the third row of Table 2. Them +n=14
observations of the combined ordered (X, Y) sample yields the sequence.
XXYXXYXYXYXXXX

resulting in the exceedance statistics M;s to be
My =0, M,=0M;=1, My =0,Ms=1,Mg =1,M; =1,Mg = 0,My = 0, My, = 0.

If the R-chart is used, we find.

R = max(M,, M3, M,) = 1,
andsinceR<2=1 s My=M;=0<1=r,,
we conclude that the process is in-control. Likewise, if the N-chart is used, we find
N,=|{Mz4<i<65M =2} =0,
and since
Ny<0=1 5 My=Y3 M;=1<2=r,

3. Exact in-control distributions of the statistics

Suppose m is a sample, X;,X,, .. X,, came from the in-control distribution
Fx(x) =F(x) and n a new test sample Y;,Y,,..,Y, came from distribution
Fy(x) = G(x).t s evident that the exact distribution of the statistics R and N, can bsample.
Thus, M = max(M,, M,, ..., M,.) and its distribution, under the null hypothe
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4- Out-of-control distributions of the statistics

Let us now assume that the observations Y;,Ys, ..., Y, of the test sample come from a
continuous distribution G (x). In order to state our formulas in a general form, we express the
probability that the rule does not signal an alarm as

p(m,n,a,b; ¢ F,G) = Ymyma,smpea P(Mo =mg s Mj=m; a+1<j<b), (9)

where ¢ is a vector of constants that should be determined so that the rule meets some
requirements (e.g., a pre-specified FAR or in-control ARL) and A is the space where the
values of the random vector (Mg, M;.1, M 445, ..., M) < should be in order for the control chart
not to issue an alarm It is clear that the FAR is the complement of p(m, n, a, b; c; F, G) for
the special case when G = F, i.e.,

FAR =1—p(m,n,a,b;c;F; F) (10)
Let us now consider the general case when the X- and Y-observations do not follow the same
distribution. In view of (10) all we need is an exact formula for the summands on the RHS
of (10). For notational convenience, let us denote the random vector (Y3, Y, ..., Y,) by Y, the
ordered X-sample extending from the a-th to b-th order statistics by X, ..e.,
Xap = Kam» Xas1:m» - Xp-m) @and Uy, for the corresponding uniform order statistics from
a random sample of size m. Then:

p=(Mo(Y;Xap) =mg s Mj(Y;Xpp) =m; a+1<j<b) (11)
which, upon using the fact that
F(Xap) = (F(Xa:m):F(Xa+1:m)' ---:F(Xb:m)) = (Uam Uasr:ms - Upm) = Ugp

leads to the equivalent expression
p=P(My(F(Y);Upp) =mg s Mi(F(Y);Upp) =m;, a+1<j<bh) (12)

Since the joint density function of U,.,is
fapWa Uarrs o ) = faUap)

m!

= iy ) T A w7, 0 Uy S gy S Sup < 1 (13)

5. Run length distribution

One inherent weakness of the nonparametric control charts is that the signaling events are
not independent and therefore the ARL of the chart cannot be calculated as the reciprocal of
the signaling probability. However, one can make use of an appropriate conditioning
argument to establish a formula for the exact run length distribution and its mean.

In view of (9) and (11) it is clear that, under the condition X,.;, = (Xg, Xg41s «+» Xp) = Xgp €
RP~a+1 the waiting time random variable N which describes the number of Y-samples until
an out-of-control alarm issued follows a geometric distribution with success probability

P (Xap) = Dimomessmpea P(Mo(Y; Xap) =mg 5 Mj(Yixqp) =m; ,a+1<j<b)

and probability mass function

k-1 k-1 k
(1 - p(xa:b))(p(xa:b)) = (p(xa:b)) - (p(xa:b)) ) k= 1;2: [ET
Consequently, the unconditional distribution of N may be expressed as
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P(N=k)=D(k—1)—D(k) (14)

where D(0) =1 and
D) = Eyp {(0Ga)'} k=12,

6. Research findings

In this section, we are going to compare the performance of control charts (R, N and W) using
tables and numerical examples. and show that the performance of control chart W is better
compared to two control charts (R and N) and other charts. Since one method of comparing
control charts is to use the joint false alarm rate (FAR) or average run length under (ARL;,,)
joint control and then test their alarm rates (AR).

7- Numerical results

In this section, by numerical testing, we show the effect of new control charts and their
stability characteristics in both under-control and out-of-control situations. In Table 3, we
present the AR of the three control charts for different choices of m, n. The design parameters
a, b, 1y «r, k and w For when the false alarm rate is 0.05 (FAR=0.05). Then, the AR values

fory= %%é were all determined with the use of Theorem 3.

Table 3: Comparison of the AR of the three control charts with FAR = 0.05 (y= %%% ).

B.—chart N —chart W — chart
(LCLUCL} r, r ExactFAR AR (LCLUCL) r, k ExactFAR AR (LCL.UCL) w r, EmactFAR AR

w0 11 QL2 6 3 00043 02647 (2124 4 I 0004 0.2646 (2124 135 4 00048 02680

02438 0.8488 0.8497

0.9922 08922 0.0023

235 (161m § 5 00M2 05478 (1619 & 2 0000 05677 (16,18 180 & 00030 05482
0.9952 0.0052 0.9053

0.9000 0.0000 0.9000

500 11 (3336) 3 1 000428 03042 (33,3 3 2 Q04 0341 (33,34) 3 2 00040 033
08911 08011 0.8012

0.9965 0.0065 0.9065

35 2124 4 4 00085 05007 (21299 4 2 005 05907 (2L24) 150 4 0046 05915
09971 0.0071 0.0071

0.9900 0.0000 0.9000

In Table 3, we observe that the three distribution-free control charts exhibit (for appropriately
chosen parameters) similar performance in terms of AR for a common FAR rate of 0.05.

Table 4: Comparison of the AR of control charts with the same ARL;,

ARL - NEW B-T-K
in (el PEL) w T Exact ARLjy AR (LELUEL) r Exact ARLy, AR
370 100 f) (6,3 4 2 375004 0.2325 (9.92) 2 369.35 0.1279
0.8578 0.7283
11 (11,14} 75 4 358/82 0.2937 (14.87) 3 360.04 0.1952
0.9364 0.8770
200 7 (9,12) 40 2 37944 0.1823 (16,183} 3 37286 0.1105
0.8388 0.7103
11 (7,100 50 2 376.58 0.3359 (22,179 5 367.80 0.1410
09673 0.8370
500 100 f) (6.9) 74 2 50062 0.2280 (8.93) 3 49092 0.1116
0.8545 0.7019
11 (11,14) 80 4 494/63 0.2883 (13,88) 4 46298 0.1749
0.9360 0.8621
200 7 (9.,12) 41 2 50336 0.1772 (16.185) 2 490.76 0.1062
0.8266 0.7083
11 (18.21) 59 4 504.50 0.2405 (21,180) 3 496.80 0.1274
09192 0.82353

Each AR cell contains the values attained for y = 0.5 and 0.2, respectively.
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One way to compare two different control charts is to use the common false alarm rate (FAR)
or average run length under control (ARL;,) and then test their alarm rates (AR). As a result,
it is possible to compare the efficiency of the free control chart-preset distribution.

Table 5: Comparison of the ARL,,,; of control charts with the same ARL,.

ARL W — chart BE-T—-K

mo MM UCLUCL) w1y Exact ARLy  ARLyy  (LCL UCL)  r  Exact ARLm  ARLou

37 100 5 (51D 55 2 354.9 1385 (6.95) 2 4314 2302
11 (1,13) 125 2 376.6 1272 22179 5 3678 136.6

500 5 (204208 20 2 3704 305/8 (18483 3 150.4 407.1

11 (40147) 140 2 3747 359.8 (39461) 6 3738 2427
s00 100 5 (18.20) 78 2 5124 155.5 (4.97) 3 4999 1390.6
11 o1y 120 2 507.0 1453 QLIE0) 5 4968 179.9

500 5 (145147 25 2 502.9 38606 (16485 3 5038 600.3

11 gsIn 181 2 498.8 4348 G7464) 6 5007 602.5

We now compare the performance of control charts by keeping the average run length under
joint control (ARL;,) constant and then evaluating the corresponding alarm rate (AR) for out-
of-control Lehman-type opposite assumptions. In Table 4, the alarm rate (AR) values of the
B-T-K chart and the non-parametric control chart proposed with y = 0.2 and 0.5, n = 7 and
11, m = 100 and 200; average execution length under control (ARL;, = 370 and 500) are
shown. given. The design parameters LCL = X,.,,, UCL = X;.,, ,w, 7, , have been
determined, , as long as the average length of execution under control is close to the target
value if possible, also the values of Table 4 show the superiority of control chart W under
this brief description.

In Table 5, the average values of the out-of-control(ARL,,,) execution length, the B-T-K
diagram and the W free-distribution diagram for m = 100 and 500, n = 5 and 11, and two
eigenvalues (common) ARL;,= 500 and 370 are shown.

Because the most important criterion for the efficiency of control charts and also the most
important criterion for comparing them with each other is the average execution length
(ARL). Average run length in control mode is the first out of control mode. For this reason,
large ARL values are desirable for the under-control state, and conversely, for the out-of-
control state, small ARL values are desirable so that the out-of-control states are quickly
discovered and announced. Therefore, according to the average values of the out-of-control

(ARL,,;) execution length shown in Table 5, the superiority of the W control chart is clearly
proven.

8. Discussion and conclusion

In this article, non-parametric one-variable Shewhart control charts were introduced. By
using tables and numerical examples of the performance of control charts by common false
alarm rate (FAR) and then testing their alarm rate (AR), we came to the conclusion that in
the control chart with common false alarm rate (FAR), with increasing rate Warning (AR)
increases the efficiency of the control chart and also by comparing the average values of the
out-of-control execution length of the control charts with the average execution length under
common control, with the known distribution (exponential), we came to the conclusion that
due to the small out-of-control values Average control run length (ARL) control chart W (for
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the out-of-control state, small values of average run length (ARL) are desirable so that out-
of-control states can be discovered and announced quickly) compared to other charts (B-T-
K), it is revealed that Control chart W has advantages and superiority.
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