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Abstract: In some practical applications, the quality of a product or process is defined by
a profile, which is a relationship between a response variable and one or more explanatory
variables. Simple linear profiles (SLPs) are one of the various types of profiles in which
the product or process quality is related to a simple linear function between a response and
an explanatory variable. In this article, a functional capability index for a simple linear
profile with asymmetric tolerance is introduced. The performance of the proposed index
and existing ones (C,,y and Cpy,(Profile)) are studied using numerical examples and
simulation studies in terms of mean absolute error (MAE), mean square error (MSE) and
absolute percentage error (APE) metrics. The results show that the new index performs
better than the two existing indices. Furthermore, confidence intervals for the proposed
index are constructed using three bootstrap methods, and their performance is evaluated
using simulation studies. A real-world case study is presented to demonstrate the
application of the proposed index.

Keywords: Simple linear profile; Process incapability indices; Asymmetric tolerances;
Functional approach.

1. Introduction

In some cases, related to the statistical process control, the quality of a process or product
is characterized by a simple linear function relationship between a response variable and
an explanatory variable. This kind of model is called simple linear profile (SLP).
Considering m random samples of size n are taken from the process, the general model of
a SLP when the process is under statistical control is represented in equation (1).

Yl] = AO + AlXi + Si]', i= 1,2, e, n, ] = 1,2, e, M (1)

where &;; are normally and independently distributed with the mean zero and variance o2

and X; is explanatory variable that is assumed to has fix values for each sample. The profile

. . . YT aoj
parameters including A, 4, and o2 are unknown and estimated by a, = =2~ q, =
m
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m 2

— and o2 = Z’:Tla’ respectively. Where, the values of 4,, 4; and, a2 for profile
sample j could be estimated using maximum likelihood method, which can be seen in [1].
Numerous studies and works have been conducted in the literature on developing process
capability indices (PClIs) for SLPs with symmetric tolerance, with few studies on PCls for
SLPs with asymmetric tolerance. Cyy,(Profile) and Cpy,,, are the most recent process
incapability and capability indices for SLP, presented by by Pakzad and basiri (2022) [2]
and Abbasi Ganji and Sadeghpour Gildeh (2021) [3], respectively. The main issue with the
functional incapability index Cy,(Profile) is when the process mean is on the upper or
lower specification limits. Assume that two processes A and B have the same specification
limits (SLs) and the target line is near the upper specification limit (USL). Let these
processes have the same standard deviation o, but A’s process mean is on the upper
specification limit (USL), i.e., uy,(X) = USLy(X), and B’s process mean is on the lower
specification limit (LSL), i.e., uy, (X) = LSLy (X). Both processes appear to have the same
expected percentage of non-conforming products, but A’s process mean is closer to the
target line than B’s process mean, so process A should have a lower incapability score than
process B while the values of Cy, (Profile) for both of them are equal.

m
Yj=104

On the other hand, although the process capability index Cyy, correctly evaluates process
capability when the process mean is on one of the SLs due to the presence of the factor 4},
it is defined by the response variable at only n levels of the explanatory variable, resulting
in the loss of a large amount of sample profile information. As a result of the problems
associated with the use of the functional process incapability index C,y, (Profile) and the
weaknesses mentioned in the process capability index Cy, . We propose the new functional
capability index C,"(Profile) in the following section, which fixes the problems

nr

mentioned in the Cp;, (Profile) index and outperforms the C,,, process capability index.
2. New capability index €' (Profile) for SLP with asymmetric tolerance

Let uy(X), LSLy(X), and USLy (X) are functional form of mean, lower SL, and upper SL
of response variable, respectively. All of them are functions of explanatory variable x €
[x;, x,, ], where x; and x,, are the minimum and maximum value of the explanatory variable,
respectively. The new index C," (Profile) based on C," (u, v) proposed by Abbasi Ganji
and Sadeghpour Gildeh (2016) [4] for SLPs is obtained as equation (2).

[i(dy 0 = A7y (X)) ax

’ 2
f;‘l“ (3 /62 +A§(X)) dx @)

¢, (Profile) =

where

d*y(X) = min{D,,(X) , D, (X)} = min{(T, (X) — LSLy (X)), (USLy(X) — Ty (X))}, €))
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Ty (X) — fiy ()
(Y(;l—(l;(y)()) if Ay (X) < Ty (X)
Y

) 2 Ay ()
(HY(X;u;(T;;)(X)) if fy(X) > Ty(X)
a, () (1,00 - ,(0)
D, (X)
dy (X) (1, () = Ty (X))
D, (X)

A*Y(X) =

(4)

if 1, (X) < Ty(X)

if iy (%) > Ty(X)

to get the index C,” (Profile), we have to determine the location of uy (X) relative to the

Ty (X). With respect to whether uy (X) relative to the Ty, (X) intersect within the range of
the explanatory variable or not there are following four situations:

e When uy(X) > Ty(X), X € [x1, x,], we have ¢y’ (Profile) =
2
xul o (BYCO-Ty(0)
fxl <dY(X)_7DuY(X) >dX
A 2\
f;lu<3j&2+(dY(X)(gZ;)i;;TY(X))) )dX
e When Uy (X) < Ty(X), X € [x1, x], we have G, (Profile) =

2
uf oo (Ty@O-Ay(0)
J, <dY(X) TTh,0 ax

wul o | (v (ry-ay )\’ '
k] <3J”2+< Dy (0 Y—> )dx
e When uy(X) > Ty(X),X € [x,x,] and uy(X) < Ty (X), X € [x,,, X, ], We have

2 2
ay(X)-Ty (X Ty(X)-py(X
fé’"(a%m——(”y( Ty () )dx+f;‘,ﬁ<d;(x>-—( 00—y () )dx

Duy (X) Dy ()

——.
xm( 5 a2, (AOO@GO-Ty0)\ xuf o Loy (A OO(Ty -2y ()
fxl <3\/02+( Dyy(X) ) dX+fxm 3 |57+ Dyy(X) ax

e When MY(X) < TY(X)'X € [xl: xm] and #Y(X) > TY(X)'X € [xm:xu], we

¢, (Profile) =

have G, (Profile) =
(Ty(O-ay(0)° (ay-Ty(0)”
xm[ YCO-Ry xul ay(O)-Ty
fxl <dy(x)——Dly(X) )dX+ fxm<dy(x)——Duy(X) >ax

~ 2 2 '
xm 2 dy(X)(Ty(X)—uy(X)) xXu > (dy(x)(ﬁy(x)—ry()()))
fx, <3Ja +<7D1ym dx+fo 3 |62+ by dx

It should be noted that the new functional capability index has the same interpretation as
the traditional ones. In other words, if € (Profile) =1, a process is called “capable”, and
if C;" (Profile) <1 is “incapable”.
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2.1. Comparative example

The numerical example discussed in [5] is used to demonstrate the performance of the
proposed index in comparison to Cyy, (Profile) and Cyyy. In this example, the quality of
product or process is characterized by a model as Y = 3 + 2X + ¢, where e~N(0,1) and
the explanatory variable can take the values 2, 4, 6, and 8; with the SLs and target lines as
LSLy(X) = —2.242.2825X, LSL,(X)=53+22825X, and Ty,(X)=25+
2.2825 X, respectively. To compare, different values for the process mean under o = 1 are
considered, and the values of the Cy,y,, Cp, (Profile) and C,” (Profile) are obtained and

ppM>
listed in Table 1.

Table 1. A comparison among Cpyy, Cppy (Profile), and C," (Profile)
Ty (X) = 2.5 + 2.2825X
A Ay o? Existing indices Proposed index
Coom Cyp(Profile) C,'(Profile)
5.3 2.2825 1 8.0488e-04 17.2911 4.68E-17
5.25 2.2825 1 0.0095 16.7197 0.0087
5 2.2825 1 0.0550 14.0172 0.0542
4.75 2.2825 1 0.1050 11.572 0.1041
45 2.2825 1 0.1608 9.3843 0.1599
4.25 2.2825 1 0.2241 7.4539 0.2232
4 2.2825 1 0.2975 5.7809 0.2966
3.75 2.2825 1 0.3841 4.3653 0.3832
3.5 2.2825 1 0.4878 3.207 0.4872
3.25 2.2825 1 0.6116 2.3062 0.6112
3 2.2825 1 0.7507 1.6627 0.7508
2.75 2.2825 1 0.8778 1.2767 0.8780
2.5 2.2825 1 0.9333 1.148 0.9333
2.25 2.2825 1 0.9108 1.1936 0.9110
2 2.2825 1 0.8499 1.3307 0.8504
1.75 2.2825 1 0.7658 1.559 0.7667
15 2.2825 1 0.6731 1.8788 0.6741
1.25 2.2825 1 0.5813 2.2898 0.5824
1 2.2825 1 0.4950 2.71922 0.4961
0.75 2.2825 1 0.4159 3.386 0.4170
0.5 2.2825 1 0.3440 4.0711 0.3450
0.25 2.2825 1 0.2785 4.8476 0.2795
0 2.2825 1 0.2187 5.7154 0.2196
-0.25 2.2825 1 0.1638 6.6746 0.1646
-0.5 2.2825 1 0.1130 7.7251 0.1137
-0.75 2.2825 1 0.0656 8.8669 0.0663
-1 2.2825 1 0.0211 10.1002 0.0218
-1.25 2.2825 1 -0.0209 11.4247 -0.0203
-1.5 2.2825 1 -0.0608 12.8406 -0.0602
-1.75 2.2825 1 -0.0989 14.3479 -0.0983
-2 2.2825 1 -0.1355 15.9465 -0.1349
-2.2 2.2825 1 -0.1637 17.2911 -0.1632

In Table 1, consider two process A and B with py,(X) = USLy(X) and py,(X) =
USLy (X)), respectively. As mentioned before, the ratio of non-conforming items of the two
processes A and B is equal, but since process A is closer to the target line, is more capable
than process B. The values of process capability indices Cy,,, are 8.0488e-04 and -0.1637
and the values of C,’(Profile) are 4.68E-17 and -0.1632, respectively, while
Cpp(Profile) = 17.2911 for both of them. In other words, if the capability of process A
is zero, then the capability of the process B correctly has negative value. Therefore, the
values of Cpy, and G, (Profile) seem more reasonable in all cases of Table 1.
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2.2. Simulation study

To evaluate and compare the performance of the new index C,"”(Profile) and existing
index Cyyy, a simulation model is programmed in MATLAB environment. The in-control
model given by Kang and Albin [5], i.e. ¥;; = 3 + 2X; + &, £;~N(0,1) with four fixed
X;-values of 2, 4, 6, and 8 are considered to generate necessary data. The previous SLs
discussed in subsection 2.1 are considered. We investigate the performance of Cy,,, and
Cp' (Profile) under different numbers of profile samples (m € {25,50,100, 200}) and
various values of error term variances, intercept and slope of reference profile based on
three criteria; mean absolute error (MAE), mean square error (MSE) and absolute
percentage error (APE). For each simulated case, the true values of PCls are calculated and
listed. The number of simulation runs is set to 10000 to yield the estimates. The simulation
results are shown in Tables 2 - 4.

Table 2. Simulation results for small shifts in B, parameter

Existing index Proposed index
Simulated case Copm G (Profile)
m True value Estimated True value Estimated
(MAE, MSE, APE) (MAE, MSE, APE)
25 0.726 0.716
(0.050, 0.004, 0.069) (0.048, 0.004, 0.067)
50 0.725 0.714
Y;; = 1315+ 2X] + ¢;; 0.724 (0.085, 832; 0.048) 0.713 (0.034, 8(7)(1)421 0.047)
100 ' '
(0.024, 0.001, 0.033) (0.024, 0.001, 0.033)
200 0.724 0.713
(0.018, 0.001, 0.024) (0.017, 0.001, 0.024)
25 0.715 0.700
(0.050, 0.004, 0.072) (0.049, 0.004, 0.069)
50 0.715 0.699
Y, = 1314 2X] + & 0.714 (0.037, 0.002, 0.053) 0.697 (0.036, 0.002, 0.050)
100 0.714 0.698
(0.028, 0.001, 0.053) (0.027, 0.001, 0.038)
200 0.714 0.697
(0.022, 0.001, 0.032) (0.022, 0.001, 0.031)
25 0.693 0.668
(0.047, 0.004, 0.068) (0.044, 0.003, 0.066)
50 0.691 0.666
Y, =13+2X +¢; 0.689 (0.032, 8285 0.047) 0.665 (0.031, 822; 0.046)
100 ' '
(0.023, 0.001, 0.034) (0.022, 0.001, 0.033)
200 0.690 0.665
(0.016, 0.000, 0.024) (0.015, 0.000, 0.023)
25 0.665 0.634
(0.051, 0.004, 0.081) (0.049, 0.004, 0.074)
50 0.665 0.633
Y, =129 +2X +¢, 0.663 (0.041, 8223 0.064) 0632 (0.039, 822; 0.059)
100 ' '
(0.034, 0.002, 0.055) (0.034, 0.002, 0.051)
200 0.663 0.632
(0.032, 0.001, 0.051) (0.031, 0.001, 0.047)
25 0.652 0.617
(0.051, 0.004, 0.083) (0.049, 0.004, 0.075)
50 0.651 0.616
Y, = 12.85 + 2X! + &, 0.649 (0.042, 8222 0.067) 0616 (0.040, 82% 0.062)
100 ) '
(0.036, 0.002, 0.059) (0.035, 0.002, 0.055)
200 0.649 0.616
(0.034, 0.002, 0.055) (0.034, 0.001, 0.052)
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Table 3. Simulation results for small shifts in B, parameter

Existing index

Proposed index

(0.085, 0.007, 0.214)

Simulated case Crpm &' (Profie)
m True value Estimated True Estimated
(MAE, MSE, APE) value (MAE, MSE, APE)
25 0.890 0.906
(0.070, 0.008, 0.079) (0.070, 0.008, 0.079)
50 0.887 0.903
=134 245K + 2, 0,686 (0.051,0004,0057) (o0 (0.051, 0.004, 0.057)
100 0.888 0.903
(0.037, 0.002, 0.041) (0.037, 0.002, 0.042)
200 0.887 0.903
(0.027, 0.001, 0.030) (0.028, 0.001, 0.031)
25 0.837 0.850
(0.063, 0.006, 0.074) (0.063, 0.007, 0.077)
50 0.834 0.847
Yy = 13+ 21X + ¢, 0.833 (0.045,0.003,0.053) (.84 (0.045, 0.003, 0.054)
100 0.833 0.845
(0.032, 0.002, 0.038) (0.032, 0.002, 0.039)
200 0.833 0.845
(0.023, 0.001, 0.028) (0.024, 0.001, 0.028)
25 0.693 0.668
(0.047, 0.004, 0.068) (0.044, 0.003, 0.066)
50 0.691 0.666
o . (0.032, 0.002, 0.047) (0.031, 0.002, 0.046)
Y;j =13+ 2X; + g5 100 0.689 0.690 0.665 0.666
(0.023, 0.001, 0.034) (0.022, 0.001, 0.033)
200 0.690 0.665
(0.016, 0.000, 0.024) (0.015, 0.000, 0.023)
25 0.550 0.482
(0.071, 0.007, 0.148) (0.068, 0.006, 0.124)
50 0.549 0.482
V= 134 19K, +2, 0548 (0.069,0.006,0.143) o (0.066, 0.005, 0.121)
100 0.549 0.482
(0.068, 0.005, 0.141) (0.067, 0.005, 0.121)
200 0.548 0.481
(0.067, 0.005, 0.140) (0.067, 0.005, 0.122)
25 0.485 0.399
(0.088, 0.009, 0.220) (0.084, 0.008, 0.174)
50 0.484 0.398
iy = 134 185X, + & 0,483 (0.086, 0.008, 0.216) 0308 (0.085, 0.008, 0.175)
100 0.484 0.399
(0.086, 0.008, 0.215) (0.085, 0.007, 0.175)
200 0.483 0.398

(0.085, 0.007, 0.176)
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Table 4. Simulation results for small shifts in o parameter

Existing index Proposed index
Simulated case Copm Gy (Profile)
" True value Estimated True value Estimated
(MAE, MSE, APE) (MAE, MSE, APE)
25 0.812 0.759
(0.067, 0.007, 0.089) (0.063, 0.006, 0.078)
50 (0.060 8(8)(1)5 0.078) (0.056 8(7)82 0.069)
~ 2 L0, LA, U 090, D04, 8.
£;~N(0,(0.8)%) 100 0.810 0.811 0.757 0.757
(0.055, 0.004, 0.072) (0.053, 0.004, 0.066)
200 0.810 0.757
(0.054, 0.003, 0.071) (0.053, 0.003, 0.065)
25 0.748 0.712
(0.057, 0.005, 0.080) (0.053, 0.004, 0.071)
50 0.746 0.709
£;~N(0,(0.9)%) 0.745 (0.045, 0.003, 0.064) 0.709 (0.044, 0.003, 0.059)
/ 100 0.746 0.710
(0.040, 0.002, 0.056) (0.038, 0.002, 0.051)
200 0.745 0.709
(0.037, 0.002, 0.052) (0.037, 0.002, 0.049)
25 0.693 0.668
(0.047, 0.004, 0.068) (0.044, 0.003, 0.066)
50 0.691 0.666
ey ~N(O, (1.0)?) 0.689 (0.032, ggg(z) 0.047) 0.665 (0.031, 8222 0.046)
100 ' )
(0.023, 0.001, 0.034) (0.022, 0.001, 0.033)
200 0.690 0.665
(0.016, 0.000, 0.024) (0.015, 0.000, 0.023)
25 0.645 0.628
(0.046, 0.004, 0.074) (0.045, 0.003, 0.070)
50 0.644 0.627
ey~N(O, 1.1)?) 0.642 (0.035, 822@ 0.056) 0.625 (0.034, gggg 0.053)
100 ' '
(0.026, 0.001, 0.042) (0.025, 0.001, 0.040)
200 0.642 0.625
(0.021, 0.001, 0.033) (0.021, 0.001, 0.033)
25 0.603 0.592
(0.044, 0.003, 0.075) (0.043, 0.003, 0.072)
50 0.602 0.591
ey~N(O, (1.2)?) 0.600 (0.032, 828? 0.054) 0.589 (0.031, 8(5)25 0.052)
100 ' '
(0.023, 0.001, 0.039) (0.023, 0.001, 0.038)
200 0.600 0.589
(0.017, 0.001, 0.030) (0.018, 0.001, 0.029)

The results of Tables 2 to 4 indicate that the estimates of C,"(Profile) in most of the
simulation cases have the closer values to their actual values based on all three evaluation
criteria. This is confirmed by the smaller values of MAE, MSE and APE metrics, and these
values are also improved by increasing the number of profile samples. Therefore,
simulation studies show that the new functional capability index C," (Profile) has a better

performance than the existing capability index C;;,M.

3. Hllustrative example

In this section, a real data set from the leather industry collected by Amiri et al [6] is used.
Leather is a popular material for shoe production and its quality is critical to customer
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satisfaction. A dyeing process has an impact on this quality because as the temperature of
the shoes rises, the feet start to sweat and the color of the shoes stains the socks and makes
them dirty. As a result, it is necessary to evaluate the performance of the leather dyeing
process in shoe production. A simple linear profile can be used to describe the relationship
between color effluent and temperature in the dyeing process. The response variable is
color effluent, and the explanatory variable is temperature, with five levels of 25, 32, 39,
46, and 53 degrees Celsius (°C). Based on a set of historical data consisted of 11 in-control
profile samples, the calculated reference profile is Y = —0.0505 + 0.0034 X, where
g;j~N(0,0.0005). LSLy(X) = —0.09 + 0.0035X and USLy,(X) = —0.01 + 0.0035X are
the functional SLs for color effluent at each temperature [7]. The target line is also Ty (X) =
—0.0367 + 0.0035X. Because good quality leather shoes have a smaller color effluent at
each temperature, asymmetric tolerance indicates that deviations from the target are less
tolerable in one direction than in the other. The Anderson-Darling test statistic for residuals
was used to validate the normality assumption of in-control leather production data,
yielding a p-value of 0.279 at 95% confidence level. The estimated value of C,," (Profile)
is 0.2666, and the 95% confidence intervals for the three bootstrap methods SB, PB and
BCPB are equivalent to (0.2056, 0.3830), (0.2095, 0.3804), and (0.2028, 0.3748). Since
the index value is less than one and none of the confidence intervals includes the number
one, we conclude that the process is incapable. As a result, quality experts should make
adjustments to the process mean.

4. Conclusion

In this article, the functional capability index C," (Profile) for an SLP was introduced and
its performance was compared to that of existing indices. The results of simulation studies
show that the new functional index performs better in terms of MAE, MSE, and APE
metrics. The minimum number of profile samples required to satisfy the predetermined
estimation error under different levels of confidence was calculated based on simulation
studies and the APE metric. Furthermore, for the proposed index, bootstrap confidence
intervals were obtained using three methods: SB, PB, and BCPB, and their performance
was evaluated using simulation studies. The results indicate that bootstrap confidence
intervals using the SB method have the best performance in terms of the relative coverage
metric. A real-world example was provided to demonstrate the application of the proposed
index. Future research will focus on C," (Profile) development in other types of profiles,
such as multivariate, polynomial, non-linear profiles, as well as in multi-stage processes
with profile quality characteristics.
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