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Abstract: In shock models, the system will fail as soon as the amount of damages caused
by shocks exceeds its failure threshold. In this research, the design of control chart for
reliability monitoring of systems with random failure threshold subjected to cumulative
random shocks is discussed. In the cumulative shock model, the system fails when the
cumulative amount of damage caused by the shocks exceeds the failure threshold of the
system. For the analytical solution of the model related to the control chart, there are some
complexities such as the existence of unknown distributions, obtaining the convolutions of
the distributions and integral calculations. To overcome these problems, phase-type
distribution is used for modeling. By presenting a numerical example, the results of the
presented analytical model are evaluated and compared with the Monte Carlo simulation
method. Also, the performance of the proposed control chart using the average run length
and average time to out of control signal criteria is evaluated.

Keywords: System failure; Shock models; Cumulative shock; Reliability; Control chart.
1. Introduction

Today, reliability monitoring is one of the important issues in production and service
systems. Time between events (TBE) control chart is one of the control charts used in the
last two decades to monitor and control the reliability of systems. Xie et al. [1] introduced t
and t, control charts to monitor reliability data based on different statistical distributions. In
the t control chart, the time interval between two successive failures is monitored, but in
the t, control chart, the time interval until reaching the r failure is monitored, which can
make the chart more sensitive in quickly identifying the shift in the deterioration process.

Shock models are one of the most widely used models in reliability analysis. In these
models, the system may fail due to the arrival of several shocks according to the failure
threshold designed for it. The shocks cause some damages and as a result, as soon as the
damage exceeds its failure threshold (capacity), the system fails. TBE control chart is not
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suitable for reliability monitoring of such systems. Ali and Pievatolo [2] introduced the
first passage time (FPT) control chart.

In this research, the analytical design of the FPT control chart according to the cumulative
shock model for monitoring the reliability of systems with random failure threshold has
been discussed. For this purpose, by using PH distributions, an analytical solution for
designing the FPT control chart is presented.

2. Model description

Consider a system that is subjected to random shocks and some damages are caused by
these shocks. In the cumulative shock model, the system fails when the cumulative
amount of damage caused by the shocks exceeds the failure threshold of the system. The
cumulative shock model process for a system with a random failure threshold is shown in
Figure 1. This system fails when the cumulative amount of damage caused by shocks
exceeds the random failure threshold H. System lifetime (FPT) is equal to the time when
for the first time the cumulative amount of damage caused by shocks exceeds the random
failure threshold H.

Damage magnitudes

w,

TI . T Time

@ Shock point @ Failure point

Figure 1. Process of a cumulative shock model with random failure threshold

3. Phase-type distribution

Let X be a nonnegative continuous random variable. This variable is associated with a
finite Markov chain with an absorbing state. This variable follows the PH distribution,
which is displayed as PH(m, D). Matrix D is a square matrix of order m, which contains
the intensity of transition between transient states, and matrix 7 contains initial
probabilities of transient states.
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4. Control chart design using PH distribution

It is assumed that {Tj}j>1follows PH(y;, T;) of order mr,. According to theorem 1,
Sk = X<, T; has distribution PH(By, Si) of order mp, + mr, + - + mg,. Also, {Wj}]_21

have distribution PH(w]-,W]-) of order myy, . According to theorem 1, Dy, = Z};le follows

PH(my, Dy) of order my, +myy, + -+ my,. The random variable H follows the
distribution PH(yr, H) with order my so that h = —He. One-sided control chart is
considered for reliability monitoring.

5. Validation and evaluation of the proposed control chart

A numerical example is provided to validate and evaluate the proposed control chart by
simulating a real situation. In this example, firstly, the design of the proposed FPT control
chart according to the cumulative shock model is discussed, and then the performance of
the proposed control chart is evaluated by ARL and ATS criteria. If it is necessary to fit the
PH distribution in performing the calculations, the G-FIT algorithm [3] is used. The
representation of the PH distribution of the T variable is as follows:

T;~PH(z,T),t = (1),T = [-0.1],t = [0.1]

The distribution of the variable W is expressed by the PH distribution of the 7 order. The
accuracy of its fitting compared to the real distribution is shown in Figure 2. The
representation of the PH distribution of the variable W is as follows:

Wj~PH(w, W), w = (0.05,0.35,0,0,0.6,0,0),

—0.04 0 0 0 0 0 0 7
0 —-0.2 0.2 0 0 0 0
0 0 -0.2 0.2 0 0 0
W= 0 0 0 —-0.2 0 0 0
0 0 0 0 -0.5 0.5 0
0 0 0 0 0 —-0.5 0.5
0 0 0 0 0 0 —0.5-
1 T -
08} _,./".
/
:/
06 ./"
3 /
0.4 ,-"
i = = = CDF curve of lognormal distribution
i
( . ey PH fiting
i
I
? 4

Figure 2. Comparison of the accuracy of the fitted PH distribution with the real lognormal
distribution
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The distribution of the variable H is expressed by the PH distribution of the 25" order. The
accuracy of its fitting compared to the real distribution is shown in Figure 3. The
representation of the PH distribution of the variable H is as follows:

H~PH(4, H),
¥ = [0.01,0,0.99,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0] 1 25

—0.06 —0.06 0 0 0 0 0o .. 0
0 —0.06 0 0 0 0 0o .. 0
0 0 —-04 04 0 0 0o .. 0
0 0 0 -04 04 0 0o .. 0
H = 0 0 0 0 —-0.4 0 0o .. 0
0 0 0 0 0 -04 04 - :
0 0 0 0 0 0 0
: : : : : 0.4
0 0 0 0 0 0 0 0 —=041y5xs
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h
Figure 3. Comparison of the accuracy of the fitted PH distribution with the real Weibull distribution
The reliability of this system has been calculated using the proposed model for e = 107

and also the Monte Carlo simulation method. Figure 4 shows the very close estimation of
these two methods in computing system reliability.

= Monte Carlo simulation

="' PHmodel

Rin

106

tume

Figure 4. Comparison of reliability functions
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Using the proposed model, the lower limit of one-sided FPT control chart has been
computed for &« = 0.0027. According to Figure 5, the FPT chart has been able to detect the
shift in the system failure process after plotting 3 points.

180

140 [
120
100 ®
80 |® ° ° *
60
40 Y L4 2
20 4 ] v .,

123 456 7 8 91011121314151617 1819 202122 23 24252627 2829 30

Sample #

Figure 5. FPT control chart corresponding to the presented data of time between failures

The sensitivity analysis performed in this section shows the validity and proper
performance of the proposed FPT control chart analytical model based on PH distribution,
which has much less time and cost than Monte Carlo simulation. Especially in high-
reliability systems, Monte-Carlo simulation needs to spend a lot of time and the number of
execution times to reduce the variance of parameter estimation and improve the accuracy
of calculating the lower limit of the control chart.

6. Conclusion

In this research, the control chart for reliability monitoring of systems with random failure
threshold based on PH distribution according to cumulative shock model is presented.
Monte Carlo simulation has also been used to validate the proposed model in calculating
system reliability. Also, by using the criteria of average run length (ARL) and average time
to out of control signal (ATS), the performance of the proposed control chart has been
evaluated in identifying the shift in the deterioration process parameters. The results show
that the use of PH distribution in solving the complicated model and computing the FPT in
compare to Monte Carlo simulation is justified.
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