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Abstract: In this article, three monitoring approaches using cumulative sum control
charts in phase two for zero inflated poisson-based processes are presented. The first
approach is based on the zero inflated poisson distribution, the second on a proportional
hazard regression model, and the third integrates a proportional hazard regression model
and a frailty model to consider both measurable and unmeasurable covariates. The
performance of all three control charts was evaluated separately and simultaneously by
applying shifts to both parameters of the zero inflated poisson distribution. Simulation
studies were conducted to evaluate the performance of these monitoring methods in terms
of the average run length of the control charts. The proposed cumulative sum control chart
with simultaneous consideration of measurable and unmeasurable variables showed
superior performance. Finally, a real case study in a label printing factory has been
provided to show the effectiveness of the proposed control chart.

Keywords: Zero inflated poisson distribution, Frailty regression model, Proportional
hazard regression model, Cumulative sum control chart, Influential variables.

Aim and Introduction

In recent years, advancements in technology have greatly improved the quality and
customer satisfaction of products and services. However, these improvements have made
monitoring and controlling product quality more challenging, especially in high quality
processes where the defect rate is low or close to zero [1]. The use of the number of defects
in each inspection sample makes it difficult to gather sufficient information for effective
monitoring. Consequently, monitoring such processes presents significant challenges.
There are several techniques employed for monitoring high quality processes characterized
by low defect rates. One of these approaches is the use of zero inflated distributions, which
are suitable for modeling these processes due to the abundance of zero defects in the
dataset. However, monitoring high quality processes presents significant challenges. One
potential solution to this problem is to consider the factors that impact the defect rate.
Given the low defect rate in high quality processes, developing effective monitoring
methods can be a challenging task. By comprehending the effects of various factors on the
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defect rate, suitable monitoring techniques can be devised. Regression models such as
proportional hazard models can be utilized to assess the impact of observable variables,
whereas frailty models can be employed to evaluate the effects of unobservable variables.
By leveraging these methods, high quality processes can be effectively monitored, and any
issues that arise can be promptly addressed.

Monitoring high quality processes has been extensively studied by many researchers.
Some researchers have investigated the combination of risk adjusted modified models with
ZIP models and examined shifts in both ZIP distribution parameters. Tan et al. [2] proposed
modified risk adjusted zero inflated Poisson cumulative sum (CUSUM) control charts for
monitoring influenza disease, where the effect of risk factors on influenza was modeled
using a zero inflated Poisson regression model. They suggested control charts for
simultaneous monitoring of both ZIP model parameters and for separate monitoring of
each parameter. Lai et al. [3] proposed a risk adjusted exponentially weighted moving
average (EWMA) control chart for detecting small changes in ZIP data. The proposed chart
monitors both parameters of the ZIP distribution simultaneously and simulation studies
using Monte Carlo methodology have shown that it outperforms other existing charts in
detecting small changes in excess zero processes. Lai et al. [4] presented an EWMA control
chart based on a generalized likelihood ratio for monitoring risk adjusted modified ZIP
processes, which is capable of identifying random changes in both ZIP model parameters.

Due to the importance of monitoring high quality processes and detecting even small
changes, many researchers have investigated the impact of covariates on ZIP model based
processes and their effect on improving the detection of changes in control charts.
However, it is evident that monitoring data based on ZIP models requires the integration
of proportional hazard model and frailty model to simultaneously monitor observable and
unobservable variables. In this article, a model-based CUSUM control chart based on
proportional hazard (PH) and frailty models, is proposed for monitoring high quality
processes to examine changes based on both observable and unobservable covariates in
these processes. The performance of the proposed chart is compared and evaluated with
the CUSUM chart based on the standard zero inflated Poisson distribution model without
covariates and the CUSUM chart based on a proportional hazard model by simultaneously
monitoring changes in both ZIP model parameters and monitoring each parameter
separately.

Methodology

In this section, CUSUM control charts are presented for quickly detecting shifts in the
parameters of the zero inflated Poisson risk adjusted model. When a shift occurs in the
process, it is expected that the control chart quickly detects the shift and the out- of -control
signal is received faster. In this section, the design of the CUSUM chart is presented in
three different scenarios, the first scenario is based on the zero inflated Poisson distribution
in a standard state, the second scenario is based on the proportional hazard regression
model, and the third scenario is the integration of the proportional hazard regression model
and the frailty regression model. In this study, it is intended to monitor the effect of
increasing shifts on the parameters of the zero inflated Poisson model, including the
average number of failures and the rate of zero events. Therefore, the upper control limit is
designed for process monitoring. However, the upper and lower control limits of the
control chart can easily be developed for simultaneous monitoring of both increasing and
decreasing shifts in the process.
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The CUSUM statistic is defined as follows:
q; = max(0,q;_1 +w;) i=123,... (D)
Q4o =10

where W; is the CUSUM score that is obtained from the following equation:

W, = |og(L(y'—|9’u)) (2)

L(y, |/U)

and @ is a predefined shift which is used for designing the CUSUM chart for optimal shift
detection. Moreover, and  is a parameter of the zero inflated Poisson distribution is

monitored for the shift, and the likelihood function is defined according to the following
equation:

L(y) = f(y) 3)
where f(Y;) represents the probability mass function of the designed model.

In this study, all three CUSUM control charts are designed based on the application of
increasing shifts in the parameter A, the rate parameter P, and also the simultaneous
occurrence of shifts in both parameters of the zero inflated Poisson distribution.

In the first scenario, the calculation of the CUSUM score is performed without taking
observable and unobservable covariates into account, according to the below equation:

p+(1-p)exp(-2)
(1-p)exp(-01) (1) (4)
log(m) =log((1 —p)exp(—061)(02)Y)) —log((1 —p)exp(— A)(A)”), yi =123,...

yi

- —62
{’log(i”*“ DEPCID) — Jog(p + (1 - p) exp(— 6)) — log(p + (L~ p)exp(—A), % =0
w; =

Furthermore, the CUSUM score for the second scenario based on the proportional hazard
model is obtained according to the following equation:

(p+(1— p)exp(-64)) exp(Bx )L - p — (1 - p)exp(-64))**)
(p+(1- p)exp(-2))exp(Bx)(L— p—(L— p)exp(-1))>**)

log( h o ¥%i=0

(®)

exp(-01)(01)" Ty +1),04)
wyr(y,0n) SPPVIE PR

exp(-A) 2" T DA e
gy, ) OPBRa- === )

)EXP(ﬁX‘)

(

log( ), Y, =123,..

Finally, the CUSUM score for the third scenario based on the integration of the
proportional hazard and frailty models is also obtained according to the following equation:
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Using the CUSUM score and equations 4, 5, and 6, the CUSUM statistic can be calculated
for both single parameter shifts and simultaneous shifts in both parameters. In all three
scenarios, the control chart signals if the value of the statistic exceeds the upper control
limit (UCL).

Findings

The performance of the proposed control charts has been examined to compare their
detection power in identifying increasing shifts in the parameters of the model. In the
simulation stages, the upper control limit of the control chart was set to achieve an average
run length (ARL) with a value close to 200 under in control conditions. To increase the
accuracy of the simulation, the simulation was repeated 10,000 times, and the standard
error values were recorded along with the ARL values. The performance of the proposed
control charts in all three scenarios discussed in the previous sections was evaluated and
recorded by applying increasing shifts in the parameters A and P separately and
simultaneously. The results of the simultaneous shifts to two Poisson distribution
parameters are presented in Table 1.

The thorough investigation of the results demonstrates that, as expected, the proposed
CUSUM control chart in the third scenario, which is constructed by the integration of PH
and frailty models and takes into account the concurrent influence of both observable and
measurable covariates, as well as unobservable and measurable covariates, has superior
performance in detecting increasing shifts compared to the control charts in the first
scenario, which is based on the zero inflated Poisson model, and the proposed CUSUM
control chart in the second scenario, which is based on the proportional hazard regression
model.

Discussion and Conclusion

This article presents an approach for monitoring the average number of failures in
high quality processes using a modified risk adjusted approach that considers the
influence of measurable and unmeasurable covariates. The approach combines a
proportional hazard model and a two-point discrete frailty regression model. To
this end, a one sided CUSUM control chart with an upper control limit is designed,
and its performance is compared with two other CUSUM control charts, one based
solely on the proportional hazard model with measurable variables and the other a
simple zero inflated Poisson model without the presence of measurable or
unmeasurable variables. Simulation studies were conducted to compare the
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performance of the three control charts by applying increasing shifts in the two
parameters of the zero inflated Poisson model separately and simultaneously. The
results showed that the proposed CUSUM control chart based on the integration
of PH and frailty models has better detection capabilities for identifying increasing
shifts compared to the two other CUSUM control charts, as evidenced by the
average run length (ARL) calculations after applying increasing shifts in the
parameters.

Table 1. Simulation results under simultaneous shiftsin A to A *cr and p to p*v.

CUSUM control chart Scenario One Scenario two Scenario three
Increasing shift ARL | Standard error ARL | Standard error ARL | Standard error
Cf) ;11 200.4567 2.248 200.615 22115 199.96 2.3242
o =1.25
U =101 129.54 1.612 90.953 1414 83.74 1.052
o =15
O =1.02 77.67 0.98 64.021 0.835 60.324 0.744
o =2
D =103 52.69 0.768 41.38 0.72 32.044 0.572
o =25
D =104 44,57 0.611 20.39 0.557 18.02 0.272
a=3
O =105 21.31 0.4405 12.36 0.34 8.01 0.09
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