e polio acgoze Judod jlooliwl b (Sloj (g6 yw (S 9 (5w Joie oS Soui
3l giaw! o guriodis

ol 0ol
tahereamini90@yah00.Ccom .|l ¢35 <95 ply olKiilo jLal (1,257 (sgomiils

¥ gm0 ) S gramo
masyar@pnu.ac.ir .l ! )l «s plo olKtils Jlel 09,5 JLtils (Jhme (sodinm g)

Eole Lo

a.shadrokh@pnu.ac.ir .., )45 o9 pls ozsls JLel 05,5 Luils

SFHW G0
kalantarimahdi@pnu.ac.ir .. ! .l « ;9 plo olKiils Jlel 05,8 Loleul

o duww Az j0 g b el )l o)l _»)51).3 Joe Cawyol G.L..JL....; 4 e 0ol e blas 28 5 onyols GiLn)' Sl Judo )5 00
2z Sloy sl Giledde CunS Sen 5 St SO e SRLLL Gl by, 5 (S esdee silede ©8 5 CodsS el Sike g
o)) oolidljgn bl 8459 a5 ol 5l s ladgl (o3 65 un diojls a5 ol (MSSA) Yo e sz (55 polis dcgamme g, 0 pitie

S G (325 () o g gl pé e 4 g 4l Sl ) T 50 48, IS 4 ugeg b e i g 03l 2alS |, MSSA 2,
Sl gy o Slae ¢ a8ly gloosls 5l eolanwl 15 5 (ojlwad Slalllas i solinl b aslsl o 05 o Slpriny Ly pp olel 5y MSSA s, 5l
5 lallas 050 (55 eSilie sy Jald oalitul 8,50 (slolne 0,5 o )13 duglie )50 05 53 2 elal ooz (0S5 polio dogene
i g0 s Sloj s s 5 3kl 8y Ly s el o peieniz S5 ppolis agame Jolod gy 652 lallas (3llas 08 (Sl

o 3llas 38 (5 Slo o s 23 (g7 (el s Ly 33 03kt LB (gl ot i S5 poalie 4 gocme o 26 GO 31

DT o)l (S ADC) Ty g omo (et 2V 5
979 Sloy Slas yw (S Sl (Selite slaby, 9,00l 3l
oozl T 51 olsise Waosls Conle 5 g5 4 azgi b a5l
sl g, sleslaiwl b baosls st sy cdeladls S
Jbey g Jow o9 b oo s 3 ARIMA sl SIS
wolhe mls 4 (o) Gln ) plecasgame oaile Sl ()09
Lo oolizl 5,50 (5 2LL (sla s 3 (e S on al
P eyt Gloy Gy (Fuin 5 JeloS sl i
Jelos (g, et sladae iludint 9 (omiipes ladins;
a3l pae Lo 4y a5 o0g (SSA) YU,S.: polie degeasms
Laosls olle wisle glads) 5 saSsgume sl s, )l,5
Sole A58 3550 (Joe (092 (a3 g boniledl (o Jlo
asgazme Jeloxi by, Cewl i8S 118 059>l jo (plizes

*Corresponding author: masyar@pnu.ac.ir

! Multivariate Singular Spectrum Analysis (MSSA)
2 Direction of Change (DC)
3Singular Spectrum Analysis (SSA)
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Abstract

In time series analysis, ignoring outliers leads to misidentification of the model, biased
estimation of parameters, and poor predictions. One of the reliable non-parametric
methods in predicting and improving the quality of multivariate time series modeling is
the multivariate Singular Spectrum Analysis (MSSA) technique, which does not require
any initial assumptions. The presence of outliers affects the Frobenius norm of matrix
and reduces the efficiency of the MSSA method. In this research, a new version of
MSSA based on the Li- norm is proposed. Then the performance of this method is
compared with basic MSSA using simulation studies and real data.

Key Words: Multivariate Singular Spectrum Analysis (MSSA), Robustification,
Outliers, Li-norm, Ratio of Root Mean Square Errors (RRMSE), Ratio of Mean
Absolute Errors (RMAE).

1- Introduction

Multivariate Singular Spectrum Analysis (MSSA) is a nonparametric method to analyze
signals without any assumptions of the underlying system. It can decompose the original
time series into a set of components, which are recognized as either a trend, periodic or
quasi-periodic signal or noise. The matrix norm used in MSSA is the Frobenius norm
which is not robust to the outliers. In order to robustify the method, the Frobenius norm
is replaced by the L; -norm and a new version of MSSA (L;-MSSA) is proposed. In this
approach; a method for computing the signal matrix and the hankelization method using
the Li;- norm are proposed. Using real-world data and the simulation studies the
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performance of Li;-MSSA and basic MSSA are compared. Appling the Root Mean
Square Errors (RMSE) and Mean Absolut Error (MAE) criteria, show that the L;-MSSA
outperforms basic MSSA in reconstruction and forecasting.

2- Methodology

The Multivariate Singular Spectrum Analysis (MSSA) technique consists of two
complementary stages: Decomposition and Reconstruction, and both of them include
two separate steps. In the first stage, we decompose the series to enable signal extraction
and noise reduction. In the second stage, we reconstruct a less noisy series and use the
reconstructed series for forecasting new data points [1]. In the MSSA method there are
two forms for the trajectory matrix: vertical and horizontal. The vertical and the
horizontal forms are called VMSSA and HMSSA, respectively. The matrix norm used
in basic MSSA is the Frobenius norm which is not robust in the presence of outliers. In
this paper, in order to robustify the method, the Frobenius norm is replaced by the L
norm and a new version of MSSA (L1-MSSA) is proposed. In Li-MSSA, the negative
effects of outliers is reduced by utilizing the median instead of averaging for trajectory
matrix hankelization in the last step of time series reconstruction (averaging) and the
performance of L;-MSSA and basic MSSA in reconstruction and forecasting are
evaluated using the real-world and simulated time series that are contaminated with
outliers. To measure the accuracy of forecasting results, we use the commonly adopted
forecasting performance evaluation measures of Root Mean Squared Errors (RMSE)
and Mean Absolute Errors (MAE). Moreover, the effects of outliers on forecasting and
reconstruction for two procedures are evaluated. The following ratios are used for
comparing the established and newly proposed MSSA methods:

RMSE based on L; — MSSA

RRMSE =
S RMSE based on basic MSSA

MAE based on L; — MSSA
MAE based on basic MSSA

RMAE =

If RRMSE <1 and RMAE < 1, then the Li-MSSA procedure outperforms basic
MSSA. Alternatively, when RRMSE > 1 and RMAE > 1, it would indicate that the
performance of the L; — MSSA procedure is worse than basic MSSA.

The purpose of determining the reconstruction parameter in the grouping step of MSSA
is to separate noise and signal [6]. This parameter is equal to the first r singular values
and the corresponding eigenvectors are chosen to approximate the original series.
Selection of the proper window length (denoted by L) depends on the structure of time
series and the preliminary information of the data. Theoretical results indicate that L

should be large enough but not greater than [g] Furthermore, if we know that the time

series may have a periodic component with an integer period then to get better
separability of this periodic component it is advisable to take the window length

proportional to that period [3]. Regarding the window length, Hassani and
+1)

Mahmoudvand (2013) showed that a value close to the L = [%] and L = [U:T
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is optimal for HMSSA and VMSSA, respectively. In these formulas, N is the length of
the time series and p is the number of variables in the time series [4, 5].

3- Results

In this section, the results of the paper are presented. To generate outliers, first, n
observations (n=5,10) are randomly selected from the simulated time series and then a
multiplication (§) of them is substituted for each selected observation. In all examples,
the values of 6 are equal to 1, 1.5, 2, 2.5, and 3. In this section, we present an example

to declare the purposed method. As an example, we consider the following Sine series:

3 si <2tn>+
y, =3sin|{——=|+¢
12 t=1, 2, ..., 200,

~ s 2t1'r+n+
V, = sm(12 4) £

where e~N (0, 1) is the noise component. The first 190 observations were considered
as in-sample (reconstruction) and the rest as out-of-sample series (forecasting). Since
the rank of the trajectory matrix for this model (HMSSA) is equal to 2 we choose r =2.
Using the recommendations given in Sec.2, we take L =12, 24, 36, 48, 60, 72, 84, and 96.
In figures 1 and 2, the plots of RRMSE and RMAE for reconstruction are depicted for
n = 5 and 10. The plots of RRMSE and RMAE show that L.;-MSSA is better than basic
MSSA for all values of L and § (RRMSE<1 and RMAE<I).
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T T T T T T T T T T T T T T T T
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Figs. 1- The plots RRMSE and RMAE for reconstruction and sample size 10
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Fig. 3- The plots RRMSE and RMAE for forecasting and sample size 10

In figures 3 and 4, the plots of RRMSE and RMAE for forecasting out of samples are
depicted for n = 5, 10. The plot of RRMSE shows that L;-MSSA is better than basic
MSSA for L = 72 and 6 = 3.

44 =

09

RRMSE

08 -

Forecasting; n=5

T T T T T T T T
N ¥ © © O N ¥ ©
- N O I © ~ © ®

window length

RMAE

12

09
0.8
0.7
06
05

Forecasting; n=5

L S e 337 ex saw T

T T T T T T T T
N ¥ © © O N ¥ ©
- N O I © ~ ©0 O®

window length

outlier
B - deltal
B> - deltal5
BB+~ delta2
B delta2 5
B3 - delta3

Fig.4- The plots RRMSE and RMAE for forecasting and sample size 5
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For n=5and 10, according to RRMSE, by increasing &, the efficiency of
L, — MSSA tends to increase. But based on RMAE, the performance of the L1-MSSA
method is better than the basic MSSA for all values ofn, L, and 6. When § =1 (i.e.
no outliers), the performance of both methods (L1-MSSA and basic MSSA) are the same
in forecasting.

4- Discussion and Conclusion

In this paper, to optimize the quality of modeling and forecasting obtained from the
basic MSSA with outliers, a robust method was proposed by replacing Frobenius norm
with the L; — norm. This method is a new way of using robust time series to improve
modeling. In addition to optimizing the quality of the proposed model, this technique
increases the efficiency of time series analysis and forecasting. In order to increase the
reconstruction and forecasting performance of the SSA method, identifying and
removing outliers have been suggested by some researchers, because SSA based on the
L, norm is more sensitive to outliers [2]. The results of this paper show that in the case
of encountering time series with outliers, better results can be obtained by changing the
matrix norm in MSSA from L, to L because there is no need to transform the data and
it ensures that no information is lost. This study considered both RMSE and MAE
criteria. In brief, the comparison of forecasting results showed that L1-MSSA is more
accurate than the basic MSSA version, further confirming the results obtained via
theoretical results.
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