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Abstract: In this research, new estimators for the hazard rate of exponential distribution
in interval censored data are compared with some existing methods based on simulation
studies. Then the asymptotic distribution of one of the introduced methods that has better
performance is obtained.
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1. Introduction

Hazard rate is one of the indicators which is studied in the theory of reliability, survival
analysis and system performance review, and one of the lifetime distributions which is
widely used in industrial and medical data analysis is exponential distribution.

Let X;,X,,...,X, be a random sample of n experimental units with exponential
distribution, hazard rate 8 and density functionf (x; 8) = fexp(—60x); x > 0,6 > 0.To
estimate the parameter 6, the experimenter may use different censoring schemes to limit
the experiment time and reduce costs. For more information about kinds of censored data
refer to Cohen [1].

In some cases, where experimental units are not continuously monitored, the obtained
data is related to interval censoring, in which n experimental units are inspected and
monitored at k predetermined times such as 0 <t; < - <t; and the number of
failures occurring between inspection times are recorded. In this scheme, the
experimenter does not know the exact time of failures and only knows the number of
failures which occurred between the inspection times.

Let t, =0, (0,t,], (t1,t5], -, (tx—1, tx] are the intervals between monitoring times, and
vy i=12,..,k are the number of failures in the time interval (t;_,,¢t;], then the
maximum likelihood estimator of 6 does not have a closed form. In the method based on
the pseudo-likelihood function, which is called substitution method, the estimator of

parameter is given by
tiq+t;
2

é — E{'(=1 Yi .
@ = 5 (s vt

ti € {t,-_l, t;, },i =1,..,k.
Meeker [4] has obtained the asymptotic distribution of the parameter estimator by
considering the midpoint of the intervals. One of the parameter estimation methods in a
special case of interval censored data is
- Y
5 In(1 —=)
t

which is introduced by Zhang et al. [6], where y is the number of failures until one
monitoring time t. Therefore,

B = —In(1 - Xk, yi/n)
w = T
can be considered as a version which is related to k monitoring times. Based on the
probability plot method,

! Corresponding Author :poursaeed. m@lu.ac.ir
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has been introduced for parameter estimation by Chen et al. [2]. Also, to improve the
estimators é(a), é(b) and é(c), some methods have been introduced that use parameter
re-estimation and substitution method [5].
In this study, three estimators 64, 6 and 8., are considered as the existing methods
used by researchers. Since, using é(a) leads to an underestimation of the hazard rate, the
researchers use this method rarely [3]. In addition, the maximum likelihood estimator
does not have a closed form and its distribution is not determined. Therefore, researchers
use the estimators é(b) and 9@) in making statistical inferences.
Since, the two existing methods 6, and 8, have better performance than 8,
therefore, those are compared with the three new ones, 9(1), 9(2) and 9(3). Moreover,
the asymptotic distribution of one of the new methods that performs better than others
will be obtained.

2- Research Method

Suppose that n experimental units under interval censoring have exponential distribution
with distribution function
F(x;0) =1 —exp(—6x); x>0,0>0,

And experimental units are inspected and monitored at k predetermined times t; < - <
te . If (0,t], (t4, t3], -, (tr—1, tx] are the intervals between monitoring times and
vi; 1= 1,2, ...,k are the number of failures in the time interval (¢t;_4, t;], then in view of
relationship between the parameter and the exponential distribution function,

—ln<1—#)
b =——F
are different estimators for the parameter 0. It can be shown that they are asymptotically
unbiased and have different variances. In addition, the existing estimators 9(,,) and é(c)
are also functions of these estimators. The method introduced by Chen et al. [2] is actually
the same as @, and probability plot method is also the average of 9]-. In fact, probability
plot method is a special case of the weighted estimator Z;Ll ajéj which considers the

same coefficients for components (;s) with different variances, which cannot be
reasonable.

Therefore, in the new methods introduced in this paper, different weights are considered
for §;s. As the first weighted estimator, we consider a linear combination of 8;s as
61y = X¥_, a;6; so that it is asymptotically unbiased and has the lowest variance. It can

be shown that for large n, 9,-5 have a normal distribution with mean 6 and
_ _ Ftmingij8) |
Cov(6;, 9]-) = Rt R (e ®)’
where R(x;0) =1 — F(x;0) = exp(—6x). By applying the asymptotic unbiased
condition of the estimator and some calculations, we have Y¥_, «, = 1, and
= m x [Cov(By, 0, — 6,) — X1, a;Cov(8, —6,,0,— )], r=1,...k—1.
Since the weighted coefficients are functions of the unknown parameter, their estimators
which have complex forms, are used. For example, in the case of k = 2, a; =
COU(@z,az—al)
var(6,-8,)

; J=1,..k,

Lj=1,..k
aT‘

, its estimator is
Y2 Y1
3(1-22) ty1t,(1-22)
Y2 2y1 + Y1
5052 t1t21-30) 1a-3D)
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The second weighted estimator is introduced as follows

k ff(l—z'{ﬂ"i/")@ ,

~ Zi'c:l Varl(éj)gj =1 E{_lYi J
9(2) = Zk—y T = t2.(1—_21'_1Yi/n) y
= Var(ej) E;‘zlﬁ
with simpler form of coefficients than the first method.
~ kv v8;
Moreover, the third weighted estimator is established by 63y = % so that
j=1 &r=1"T

smaller weight coefficients are attributed to 9]-5 with larger variance. In addition, it has a
simpler form than the forms of the previous two weighted methods.
In order to compare the two former estimators 9(17) and 9(C) as well as three new
weighted estimators, a simulation study is presented. If all failures have occurred by time
tx, then none of the estimators will be definable. Therefore, instead of
~ (=¥ v, ~ (=Y v,
6 = = he modified form 6 = 2=/
J J
simulation, to avoid making the comparisons bulky, we consider few values for the
parameter and the number of monitoring times as 8 = 0.03,0.05,0.07 and k = 2,3,4.
For the sample size, relatively large values of n = 30,40,50,60 are considered, because
the distribution and asymptotic behavior of the estimators under review are mentioned
and cited in this study.
Based on the simulation with N=10,000 repetitions, the mean of the estimators, the mean
square of their error, as well as E(é(c), 0) (i.e. the efficiency of the estimators) compared
to 9@) are calculated. In addition, in order to investigate the effect of the parameter value
and monitoring times on the estimators, % and py, ..., p, are calculated, where p;;i =
1, ...,4 isthe average of failures ratio up to the i — th monitoring time in 10,000 repeated
times.

will be used. In

3. Research findings

Since, the underestimation of the hazard rate is considered one of the weaknesses of an
estimator, and the underestimation of the hazard rate in the exponential distribution causes
an overestimation of the average, thus in addition to the efficiency of the estimators,
special attention should also be paid to this criterion.

As the initial simulation results show, 9(1) does not work well, because their estimates
are used instead of weighted coefficients. Given that if n is a large number and the last
monitoring time is equal to %, then 8, will have the lowest possible variance [4]. Hence,
the values of the variances is a decreasing function whenever t; is in (0,%) and it can
be concluded that if the monitoring times t; < --- < t; are chosen in the interval (0, %),
then Var(6,) > Var(8,) > - > Var(8y). Also, 8, performs better than 9,y and
é(z), especially when the monitoring times are selected in (0, %). Next, the two methods

é(b) and é(c) were compared with 9(3) that has better performance. Based on further
investigations and as seen in the table below, 9(3) has a better performance. Hence, the
asymptotic distribution of 9(3) is obtained.
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Table 1. Comparing the estimators for
T
0 =0.03,k = 4'% =52,t; =5,t, =10,t; = 24,t, = 36

6 | n (91,02, P3,Pa) Mean MSE(0) E(8.0)
é(c) 30 (0.14,0.26,0.51,0.66) 0.029285 6.4242e¢ — 05 1
é(b) 30 (0.14,0.26,0.51,0.66) 0.029121 4.7521e — 05 1.352
§(3) 30 (0.14,0.26,0.51,0.66) 0.030056 4.8160e — 05 1.334
é(c) 40 (0.14,0.26,0.51,0.66) 0.029485 4.7158e — 05 1
é(b) 40 (0.14,0.26,0.51,0.66) 0.029257 3.5985e — 05 1.310
§(3) 40 (0.14,0.26,0.51,0.66) 0.030007 3.5582e — 05 1.325
é(c) 50 (0.14,0.26,0.51,0.66) 0.029568 3.8381e — 05 1
é(b) 50 (0.14,0.26,0.51,0.66) 0.029355 2.9387e¢ — 05 1.306
§(3) 50 (0.14,0.26,0.51,0.66) 0.029985 2.9054e — 05 1.321
é(c) 60 (0.14,0.26,0.51,0.66) 0.029613 3.2346e — 05 1
é(b) 60 (0.14,0.26,0.51,0.66) 0.029580 2.4114e — 05 1.341
§(3) 60 (0.14,0.26,0.51,0.66) 0.030032 2.4057e — 05 1.345

Theorem 2.1. For large n, \/ﬁ(ém —8) ~ N(0,02), where in
2 1 k k- F2(tyingi,j)F (tmaxg,jy)
02 = xz Z
(Zrzl F(t)) i=14=j=1 titrR(tMin{i,r})

Result 2.2. By applying the delta method and some of calculations, it can be shown that
Vn(@ — 61) < N¢(0,%)

where in

5_(p _ _ F(tmingi,jy)
0= E= (e = G Rl k-

Result 2.3. If the number of monitoring times is k=2, then

F3(t) |, FA)F(L) |, F3(t)
, _BR(t) " 6bLRE) " GR(t,)

n(F(ty) + F(t2))?

Y10, + (Y + Y28,

\/ﬁ( 0) < N(0,0%); ¢

Result 2.4. when k=2, a %100(1 — &) asymptotic confidence interval for 6 is

y10; + (1 +¥,)0; N 7 vi 2y (y1 + y2) L Onty)?
t +
2y1 + Y, n@yitya) 20— ne0 -2 2a - htr

4. Discussion and conclusion

In this research, to estimate the hazard rate of exponential distribution under interval
censored data, three methods é(l), é(z) and §(3) are introduced. Based on simulation
studies and considering underestimate and efficiency, the new estimators were compared
with the two methods é(b) and 9@ which are used by the researchers. Preliminary
investigations showed the 9(3) has better performance compared to the other two
introduced methods. Hence, in the subsequent investigations only this method was
compared with the two methods 9@) and 9@ to avoid making the comparisons bulky.
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As the obtained results show, the underestimation of 83, is lower than ., and 8,
and its underestimation also decreases when the number of monitoring times are
increased. In addition, the efficiency of 9(3) is also higher compared to the other
methods, therefore its asymptotic distribution has been obtained.

As the tables show, 9(3) performs better when the monitoring times are in (0, %) and
the number of monitoring times is large. On the other hand, the monitoring times should
be predetermined values and independent of the information obtained, hence the
monitoring times cannot be considered lower than % or than its estimator. However, if

the monitoring times are less than %, we have F(t;; 0) < F(%; 0) =~ 0.8. Therefore, it

can be concluded that in practical works, if the number of monitoring times is large and
until the last monitoring time 70-80% of the test units are damaged, then, it is expected

that the monitoring times have been chosen in (0,%). In this case, improving the

performance of 9(3) will be provided as well as saving the cost and duration of the
experiment, which both of are the goals of using various censoring schemes.
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