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Abstract: Modelling and estimating the intensity function of a point pattern is one of
the preliminary and fundamental issues in inference of point processes, and it
considered as a prerequisite for many other problems. It has been addressed from
different perspectives. With the rapid development of data-collection technologies, a
wide range of data has been produced, and considering covariates has been a big step
forward in the theory of point processes, which has mainly been addressed from a
parametric perspective.

In this paper, we introduce a novel approach for nonparametrically estimating the
intensity of an inhomogeneous Poisson point process, which is an unknown function
of several independent spatial covariates. In the proposed method, using the
approximation technique of radial basis function for unknown multivariate functions,
the nonparametric model of the intensity function is transformed into a log-linear
model. Since the accuracy of the multivariate function approximation directly affects
the accuracy of the intensity function estimate, we enhance the nonparametric
estimation quality of the intensity function in spatial Poisson point processes by
optimizing the shape parameter of the radial basis function through minimizing the
Bayesian information criterion.

The performance of the proposed method was evaluated using a simulation study and
real data examining the intensity of a tree species, "Inga Sapindoides”, from tropical
forests. The results showed that our proposed method is capable of providing an
accurate nonparametric estimate of the intensity function in spatial Poisson point
processes. This novel approach has fundamental advantages over existing
nonparametric methods, which are limited in the number of covariates that can be
used.

Key Words: Approximate Maximum Likelihood Estimate; Pixel Counts;
Inhomogeneous Spatial Poisson Point Process; Independent Spatial Covariates.
Aim and Introduction

Modelling the first-order intensity function is one of the main aims in point process
theory, and various approaches have been explored to address this. This work focuses
on the nonparametric estimation of the intensity function of an inhomogeneous
Poisson point process in the important case where the intensity depends on

12 *Corresponding Author Email: mitra_hasheminia94@atu.ac.ir
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independent covariates. With the advancement of sciences, increasing amounts of data
are produced and collected. The inclusion of spatially varying covariates in the models
for the intensity function has been a big step forward on point process theory and it
has been mostly addressed so far from a parametric perspective.

The simplest and most common parametric model is the log-linear model, which
formulates the log-intensity as a linear combination of available covariates; for
instance, consider the following model:

A(s) = exp{08, + 6Z(s)}, s € D c R?, @

Although parametric methods are very popular and are often used, it should be noted
that if the assumed parametric model is not suitable for the true intensity function,
inappropriate and unreliable estimates may be obtained. Therefore, nonparametric
methods, which have more flexibility and broader applicability than parametric
methods, are considered a suitable alternative to parametric approaches.

So far, only a limited number of studies have been conducted to estimate the intensity
function based on spatial covariates that are modeled nonparametrically. The main
limitation of existing nonparametric approaches is the constraint to consider a small
number of covariates, which is primarily due to the well-known “curse of
dimensionality" phenomenon.

We assume the intensity function of a spatial Poisson point process that includes
several observed independent covariates, which is written as follows:

A(s) = exp (f(Z(s))), s €D c R?, 2)

where f is an unknown continuous function and Z(s) is the independent covariate
vector that is associated with the spatial location s € D.

Methodology

In high-dimensional settings, our proposed method provides an approximation of the
unknown multivariate function f by employing a radial basis function approach [2].
Substituting this approximation into equation (2) leads to the multivariate version of
model (1). The resulting expression can be written as:

20(5) = exp (f(2())) = exp (Z ekwk@)) = exp(67 ;). 3)

k=1

This model states that the intensity is A4(s) where the value of 0 is to be estimated.
The loglikelihood for 0 is:

2(0) = logL(0) = Z log g(s) — f Ag(s) ds, )
i=1 D

The likelihood function of a Poisson point process involves an integral over the spatial
window D. This means that the likelihood cannot be computed exactly, but must be
approximated numerically [1]. A quadrature strategy for approximating the Poisson
process likelihood is to divide the window D into small pixels of equal area a. The
integral over the window D is then approximated by a sum over pixels. We also
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instead of using the exact locations of the data points s, ..., s,, just we count the
number of data points in each pixel. Thus we approximate equation (4) by:

N
£(0) = logL(0) = Z[njlog Ag(uj) - Ag(uj)a], )
=1

The right-hand side of (5) has the same form as the loglikelihood of independent
Poisson random variables N; with means aA(u;).
From equation (5), we can write the Poisson regression model as:

Z 9k<pk(u]-)> = exp(loga + 0T(p]-), (6)

k=1

1o(y) = adg(ty) ~ exp (

where the radial basis ¢; are transformed original variables, and the coefficients 8
need to be estimated. loga is offset term, this means the effect of the pixel area on the
intensity is considered a known, fixed factor, rather than a parameter that needs to be
estimated by the model. Incorporating known variables as offsets can improve the
accuracy of the intensity function estimation, as it allows the model to focus on
learning the other, unknown relationships.

By using standard statistical software (such as the glm function in R) we fit (by
maximum likelihood) a loglinear Poisson regression model with responses N;,
regression covariates ¢ ;, and offsets loga. The fitted coefficients @ for the loglinear
Poisson regression are the approximate maximum likelihood estimates for the
loglinear Poisson point process model (3). And now we can calculate the approximate
maximum likelihood estimates <A for the Poisson point process model from 8.

It should be noted that, since the accuracy of the multivariate function approximation
directly affects the accuracy of the intensity function estimate, we enhance the
nonparametric estimation quality of the intensity function in spatial Poisson point
processes by optimizing the parameters related to RBFs such as, number of clusters,
the cluster centers and shape parameter.

When the number of clusters is not known in advance, a combination of hierarchical
clustering and k-means clustering can be used. Firstly, hierarchical clustering is
utilized to generate a dendrogram and determine the optimal number of clusters,
denoted as, m. However, due to the large sample size N (a large number of pixels), in
the initial step we divided the samples into smaller subgroups (each containing about
100 pixels per group). Subsequently, a dendrogram was constructed for each
subsample to determine the optimal number of clusters. Finally, by aggregating the
maximum values from all subsamples, the optimal value for m in the spatial domain
was determined and used as an input parameter for implementing the k-means
clustering method. In this manner, the optimal values for the number of clusters and
cluster centers were determined. It is important to note that we initially standardized
the covariates before proceeding with clustering. This step is crucial to ensure that all
variables are on a similar scale and to avoid biasing the clustering results towards
variables with larger ranges.

In this study, we utilized the Bayesian information criterion (BIC) to compute the
optimal value of the shape parameter. This was achieved by minimizing the BIC
obtained from fitting a generalized Poisson regression model, as expressed below:

BIC(y) = —2¢(0()) + (m + 1) log(N), ™

WWW.pgprc.ir CardenS C0 20 g (ordhed 41 il



Yy Mitra Hasheminia and Reza Pourtaher

Findings

The performance of the proposed method was evaluated using a simulation study and
real data examining the intensity of a tree species, "Inga Sapindoides”, from tropical
forests.

In the simulation study, we considered different types of models for the intensity
function. By using the mean integrated square error (MISE) of the estimations, we
demonstrated that our proposed method is capable of providing an accurate
nonparametric estimate of the intensity function in spatial Poisson point processes.
Additionally showed that as the observed window size was increased, the MISE of
the estimator decreased.

Discussion and Conclusion

This novel approach has fundamental advantages over existing nonparametric
methods, which are limited in the number of covariates that can be used. In other
words, the available nonparametric methods for estimating the intensity function can
only incorporate a small number of covariates, but in the proposed method, without
using dimensionality reduction techniques and simply by relying on the
approximation of the unknown multivariate function using radial basis functions, we
are able to perform a nonparametric estimation of the intensity function of the spatial
Poisson point process in the presence of several independent spatial covariates.
Proper accuracy in estimating the intensity function requires a high-accuracy
approximation of the unknown multivariate function f. For this purpose, the
parameters of the radial basis functions must be carefully determined and used. Since
clustering methods depend on distance-based algorithms to create clusters, which are
affected by the scale of variables, standardization of covariates is necessary. After
standardizing the variables, using hierarchical clustering and k-means, the optimal
number of clusters and cluster centers are determined. Finally, by minimizing the
Bayesian information criterion in regression models, the optimal shape parameter is
determined.
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