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Abstract: In this article, a queuing system with finite capacity, referred to as
M /M /m/k,isanalyzed for m > 2, where K represents the system's capacity
and m indicates the number of servers. Initially, a function known as the system
cost function is introduced. This function is based on the number of customers
present in the queue and the number of servers available. The main objective is
to identify the optimal number of servers, termed m,,, ,that minimizes the
system cost function. This optimal configuration, denotedas M / M / my,, / K,
is termed the optimal system. To illustrate the concept, a numerical example is
provided, showcasing various values of K to determine the optimal systems. The
analysis covers key performance metrics such as the average number of
customers in the queue and the entire system, the average waiting time of the
customers both in the queue and the system, and a metric referred to as the
average degree of customer satisfaction within these queuing systems. Through
this comprehensive approach, the study aims to provide valuable insights into
optimizing queuing systems for better efficiency and customer satisfaction.

Keywords: The MAM/MmAK queuing system, Optimal system, Cost function,
Optimal number of servers.

1- Introduction and Methodology

Finite-capacity queuing systems are of great importance and have numerous
practical applications. The analysis of queuing network systems for estimating
the performance of software architectures was conducted by [1]. System capacity
calculations in wireless systems were addressed by [8]. Additionally, a series of
applied studies on finite-capacity queuing systems have been carried out by [2],
[5], [6], and [9]. Numerous studies have also been conducted in the field of
optimizing finite-capacity queuing systems. [10] used a recursive method to
study the N Policy conditions and optimal control of the MAG/1 system with finite
capacity. The N Policy condition means that if there is a customer in the system,
the server will stop its operation and will not resume until there are N customers
(N>1) present in the system. [11] proposed a lower bound for optimal pricing of
services in blocking systems. [3] introduced a nonlinear programming method
for queuing systems and used it to suggest an appropriate service rate. [7]
introduced a method for the optimal selection of the number of servers in finite-
capacity queuing systems, where the optimal number of servers is determined
based on the average customer satisfaction criterion. [12] introduced a multi-
agent-based banking queuing model and then optimized it. In this article, a
function called the cost function is introduced using the average number of
customers in the queue and system, as well as the number of servers. The main
goal is to determine the number of servers such that the cost function is

2 Corresponding Author: makhdoom@pnu.ac.ir
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minimized. Therefore, in Section 2, the M /M / m / K queuing system is
introduced, and some of its important features are presented. In Section 3, the
cost function is introduced, and the optimization of the M /M / m / K system
based on the cost function is explained. In Section 4, using a numerical example
for different values of K, the optimal system, i.e., M /M /mg, /K, is
determined, and then by calculating certain criteria, the acceptability of their
performance is demonstrated.

2-The method of optimizingthe M / M / m / K model

The optimization of a finite-capacity system refers to finding the optimal number
of servers such that the system's cost is minimized. It is clear that as the number
of servers increases, the number of customers in the queue and system will
decrease, but the system's cost will also undoubtedly increase. However, since
cost is considered one of the most important factors in decision-making today,
selecting the optimal number of servers with consideration of the cost function
criterion plays a crucial role. In the following sections, the method for finding
the optimal number of servers will be explained.

First, for a given K and specific values of m (e.g., (m = 2,3, -+, K), the pair
(4, u) is determined in such a way that the cost function, C,, (4, 1), is minimized.

The optimal pair (4,1) is obtained using the equations %z 0 and

IomAh) 0, and with the help of the BB package in R software. Therefore, from

ou
the relation % = 0, the following relationship is derived:
m-—1
(€ +Cs—Cy) (m =" ren(4,u) Car¥
T[m%n(l, W+ nz::l =11 € e Py)] + W[(k
C5Tm_1
+ DPy —rom(4 )] + [mm (4, u)Po
T
= TPm(A WPm (1) + — Em (4, 1)Po] = 0
And from the relation ac”;—if'”) = 0, the following relationship is derived:
m-—1
(G2 = Ci = GCo) . r*(m—n) Pm (4, 1)
#[m(pm(lfﬂ) - L - (Po— n )]
C47"K+1 N Csrm N
+ W(q’m% W) — KPy) — p ACHDI
+ M (4, 1Py — m (4, W) P (4, 1)) = 0
In which,
m-1 -1 mm-1 K
— n-1\p2
o) = (Z e Zm np" P
B p+ (K _m)pK—m+2 _ (K —m+ 1)pK—m+1
i = 2 K m —p); K-m+2
_1l4+p—(K-m+1)p" ™" = (K—m)*p*™
fm(luu) - m! (1 — p)3
[(K—m)(K—m+2)+ (K —m+1)(k —m—1)]pk-m+1
+
m! (1 - p)3
B 1 +p- (K —-—m+ 1)2pK—m _ (K —_ m)ZpK—m+2
fm(luu) - m! (1 — p)3
[(K—m)(K—-—m+2)+(K—-m+1)(k—m—1)]pk—m
+
m! (1 —p)3

WWW.pgprc.ir G g 300 § (oo A3 yiled



YVYY Iman Makhdoom and Shahram Yaghoobzadeh Shahrastani

K
mm—l

Pntt) = (Z TR Z np"P3
P —(K m)pK m+3_(K m+1)2 K-m+1

m! (1 - p)?

[(K m)(K—m+2)+ (K —m+ 1)k —m—1)]pk—m+2
m!(1-p)3

Since increasing customer satisfaction is important, in this paper, the level of
customer satisfaction (degree of customer satisfaction) is calculated for the
optimal M /M /m,, /K model. A method proposed by [8] is used to calculate
the degree of customer satisfaction by observing the queue length at the time of
entering the system. If a customer encounters a short, medium, or long queue
upon entry, their satisfaction level will be high (a,), medium (a;), or low (as),
respectively, where (a; = a, = as).
The queues referred to, due to the relative nature of the terms short, medium, and
long, are represented by them as fuzzy sets A (short queue), B (medium queue),
and € (long queue) as follows:

A= {0, uz(0)), (1, ua(1)), -+, (K, na(K))}

Sm(A ) =

B = {(0,u5(0)), (1, ns (1)), -, (K, s (K))}
€ ={(0,pc(0)), (L, ue (1)), -+, (K, ue(K))}

Itis assumed that pz, uz, and ues are the membership functions of the fuzzy sets
A (short queue), B (medium queue), and C (long queue), respectively.
According to [4],

pa@® +pp@ +pe@ =1 i=12- K.

Furthermore, uz(i)represents the degree of membership of the fuzzy set A when
“i “customers is in the queue.

3-Discussion and Conclusion

In this paper, the M/M/m/K queuing system, where K is the system capacity and
m is the number of servers (m > 2), is considered. The inter-arrival times of
customers follow an exponential distribution with parameter A, and the service
times follow an exponential distribution with parameter p. The main objective
of the paper is to find the optimal m (m = 2, ..., K) such that the system's cost
function is minimized.

Therefore, the cost function for the system was first proposed, and then using
numerical examples and plotting graphs, for the groups K =5, 6, 7, 8, and K =
9, 10, 11, 12, the optimal values of m (m,,) were determined to be 3 and 4,
respectively. By calculating the average number of customers in the queue and
system, the average waiting time in the queue and system, and the average
number of lost customers for the optimal systems M/M/3/7, M/M/3/8, M/M/4/9,
and M/M/4/10, the performance of these systems was found to be acceptable.
Additionally, by finding a metric called the average customer satisfaction level,
it was determined that customers had over 60% satisfaction with the performance
of the optimal systems, and particularly, the M/M/4/10 system had over 80%
satisfaction.
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