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Abstract

Purpose: In statistical data analysis and modeling, assessing the similarity or divergence between two probability
distributions is of great importance. One of the most widely used metrics for this purpose is the Kullback-Leibler
(KL) divergence, which quantifies the informational distance between distributions. This study aims to analyze the
KL divergence between two normal distributions with equal variance and to compare the performance of different
estimation methods for this measure.

Methodology: In this study, the exact value of the Kullback—Leibler divergence between two normal distributions
with equal variance is first analytically derived, and then three estimation methods (maximum likelihood, Bayesian,
and shrinkage) are proposed to estimate this measure. The performance of each estimator is evaluated via Monte
Carlo simulations using the Mean Squared Error (MSE) criterion.

Findings: The simulation results indicate that the Bayesian estimator outperforms the MLE in terms of estimation
accuracy. Furthermore, the shrinkage estimator performs best, achieving the lowest MSE among the three methods.
This argument suggests that incorporating prior information or penalization techniques can significantly improve
estimation quality.

Originality/Value: This study conttibutes to the literature by providing a detailed comparison of classical and
modern estimation techniques for KL divergence in the context of normal distributions with equal variance. The
novelty lies in integrating shrinkage methodology and demonstrating its superior performance, which is quantitatively
validated through simulations. The findings have practical implications across fields such as machine learning, signal

processing, and information theory.

Keywords: Kullback-Leibler divergence, Normal distribution, Bayesian estimation, Contraction estimation, Mean
square error.
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Table 1- Oribi and square root of evaluator error when py = 1,8, oy = 3,25, ug; = 3, poz = 4/5.

L“wiL.‘." ﬁmle (P”Q) i:\)Bayse(P”Q) ﬁsh (P”Q)
W1 M2 BIAS MSE BIAS MSE BIAS MSE

10 2 2 -0.0942 0.0265 -0.0779 0.0181 -0.0749 0.0166
3 0.0194  0.1718 0.1028 0.1276 0.1277 0.1213
5 0.8168  2.0608 1.4560 3.0719 0.1736  0.8438
20 2 2 -0.0475 0.0067 -0.0431 0.0055 -0.0422 0.0053
3 0.01140 0.0891 0.0569 0.0764 0.0717 0.0743
5 0.42210 0.9507 0.8012 1.2775 0.1696 0.5518
30 2 2 -0.0314 0.0029 -0.0294 0.0025 -0.0290 0.0025
3 0.0095  0.0588 0.0406 0.0531 0.0511 0.0531
5 0.2880  0.6069 0.5554 0.7680 0.1459  0.4163
40 2 2 -0.0252  0.0019 -0.0240 0.0017 -0.0238 0.0017

3 0.0038  0.0497 0.0277 0.0458 0.0359  0.0450
5 0.2102  0.4790 0.4169 0.5678 0.1172  0.3562

50 2 2 -0.0205 0.0012 -0.0197 0.0011 -0.0195 0.0011
3 0.0054 0.0396 0.0246 0.0371 0.0313  0.0367
5 0.1762  0.3845 0.3441 0.4449 0.1074 0.3017
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Table 2- Oribi and square root of error of estimators when py = 2,5, uoy = 3,5, g2 = 3, Moz = 4/5.

Lb(xi'L.‘." ﬁmle (P”Q) ﬁBayse(P”Q) ﬁsh (P”Q)

n

n; By BIAS MSE BIAS MSE BIAS MSE
10 3 2 -0.0180 0.1689 0.0718 0.1203 0.0024  0.1038
3 -0.0942 0.0265 -0.0779 0.0181 -0.0384 0.0046

5 0.3231 0.7345 0.6141 0.8075 0.3035 0.6204

20 3 2 -0.0091 0.0915 0.0382 0.0767 -0.0028 0.0704
3 -0.0475 0.0067 -0.0431 0.0055 -0.0277 0.0022

5 0.1680 0.3732 0.3383 0.3983 0.1624  0.3406

30 3 2 -0.0067 0.0625 0.0253 0.0554 -0.0037 0.0522
3 -0.0314 0.0029 -0.0294 0.0025 -0.0217 0.0014

5 0.1160 0.2461 0.2356 0.2596 0.1133 0.2312

40 3 2 -0.0050 0.0489 0.0193 0.0447 -0.0031 0.0428
3 -0.0252  0.0019 -0.0240 0.0017 -0.0188 0.0017

5 0.0823  0.2010 0.1747 0.2065 0.0809 0.1916

50 3 2 -0.0069 0.0408 0.0127 0.0378 -0.0055 0.0366
3 -0.0205 0.0012 -0.0197 0.0011 -0.0162 0.0007

5 0.0710 0.1621 0.1459 0.1664 0.0701  0.1560

Mo = 4/5, 101 = 6,5, o2 = 3, Moz = 4/5 45 389 85,05 (slas pgs ()15 (1Siles g oyl -V Sy
Table 3- Oribi and square root of error of estimators when py = 4,5, ug; = 6,5, o2 = 3, o2 = 4/5.
LDC”SL.‘.“‘ ﬁmle(P”Q) ﬁBayse(P”Q) ﬁsh(P”Q)

n

b1 H¥2  BIAS MSE BIAS MSE BIAS MSE
10 5 2 0.7045 1.8814 1.3632 2.8045 0.7190 1.8062
3 0.2482 0.6860 0.5522 0.7315 0.1896 0.6404

5 -0.0942 0.0265 -0.0779 0.0181 -0.0596 0.0106

20 5 2 0.3602 0.9097 0.7451 1.1969 0.3691 0.8879
3 0.1268  0.3660 0.3009 0.3785 0.0936  0.3529

5 -0.0475 0.0067 -0.0431 0.0055 -0.0373 0.0041

30 5 2 0.2391 0.5924 0.5095 0.7291 0.2453  0.5825
3 0.0833 0.2471 0.2050 0.2527 0.0603  0.2412

5 -0.0314 0.0029 -0.0294 0.0025 -0.0266 0.0021

40 5 2 0.1836  0.4661 0.3916 0.5451 0.1884  0.4600
3 0.0646  0.1968 0.1578 0.1994 0.0469  0.1933

5 -0.0252 0.0019 -0.0240 0.0017 -0.0223 0.0015

5 5 2 0.1390 0.3764 0.3083 0.4249 0.1430 0.3722
3 0.0462 0.1616 0.1221  0.1623 0.0320  0.1595

5 -0.0202 0.0012 -0.0197 0.0011 -0.0185 0.0010

Mo = 4/5,Mo1 = 6,5, Moz = 425, Moz = 95 45 8y Sl cllas 93 055 5eSloe 5 (o)l -F oo
Table 4- Oribi and root mean square error of the estimators when py = 4,5, 9, = 6,5, g = 4,25, o2 = 9/5.
oSl Dumie(PIIQ) Diayse (PIIQ) D,,(PIlQ)

n

b1 B2 BIAS MSE BIAS MSE BIAS MSE
10 5 5 -0.0942 0.0265 -0.0779 0.0181 -0.0652 0.0124
7 0.3231 0.7345 0.6141 0.8075 0.3564  0.5391

9 15005 4.7135 2.6285 8.5908 0.8150 1.4749

20 5 9 -0.0475 0.0067 -0.0431 0.0055 -0.0401 0.0047
7 0.1680 0.3732 0.3383 0.3983 0.2571 0.3274

9 0.7736  1.9702 1.4455 3.2179 0.5792  1.0289

30 5 5 -0.0314 0.0029 -0.0294 0.0025 -0.0284 0.0024
7 0.1160 0.2461 0.2356 0.2596 0.1971  0.2300

9 0.5256 1.2087 1.0001 1.8180 0.4515 0.7781

40 5 5 -0.0252 0.0019 -0.0240 0.0017 -0.0234 0.0016
7 0.0823  0.2010 0.1747 0.2065 0.1530 0.1894

9 0.3874 0.9217 0.7542 1.2679 0.3605 0.6548

50 5 5 -0.0205 0.0012 -0.0197 0.0011 -0.0194 0.0011
7 0.0710 0.1621 0.1459 0.1664 0.1320 0.1557

9 0.3211 0.7315 0.6192 0.9641 0.3123  0.5560
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Ho = 6,5, Ho1 = 7,5, loz = 4/25, Moz = 9/5 &85 a,So gl o pgo 155 (5eS0lae § (mtyl -0 gz
Table 5- Oribi and root mean square error of the estimators when py = 6,5, 01 = 7,5, Loz = 4,25, 92 = 9/5.

n LQC”-:;L:-‘ ﬁmle(P”(z) ﬁBayse(P”Q) ﬁsh(P”Q)
W B2 MSE MSE BIAS MSE BIAS MSE
10 7 5 0.2482 0.6860 0.5522 0.7315 0.0515 0.6431
7 -0.0942 0.0265 -0.0779 0.0181 -0.0656 0.0133
9 0.3231 0.7345 0.6141 0.8075 0.2641  0.6256
20 7 5 0.1268 0.3660 0.3009 0.3785 0.0492 0.3510
7 -0.0475 0.0067 -0.0431 0.0055 -0.0394 0.0045
9 0.1680 0.3732 0.3383 0.3983 0.1493 0.3431
30 7 5 0.0833  0.2471 0.2050 0.2527 0.0369  0.2393
7 -0.0314 0.0029 -0.0294 0.0025 -0.0281 0.0023
9 0.1160 0.2461 0.2356  0.2596 0.1063  0.2327
40 7 5 0.0646  0.1968 0.1578 0.1994 0.0317 0.1922
7 -0.0252 0.0019 -0.0240 0.0017 -0.0232 0.0016
9 0.0823  0.2010 0.1747 0.2065 0.0763  0.1926
50 7 5 0.0462 0.1616 0.1221  0.1623 0.0209  0.1589
7 -0.0205 0.0012 -0.0197 0.0011 -0.0192 0.0010
9 0.0710  0.1621 0.1459 0.1664 0.0667  0.1567

-Mo = 8,5, 101 = 9,5, Moz = 4/25, oz = 9,5 45385 e S3,91,» (sllas 98 155 (S0l g o)) -7 Jgizr
Table 6- Oribi and square root of error of estimators when . uy = 8,5, 091 = 9,5, uo2 = 4,25, o2 = 9/,5.

n ng}:'{‘L.‘.“‘ ﬁmle(P”Q) ﬁBayse(l:’”Q) ﬁsh(P”Q)
b B2 MSE MSE BIAS MSE BIAS MSE
10 9 5 13508 4.2752 25048 7.9478 0.8895 3.1924
7 02482 06860 05522 0.7315 0.0636 0.5805
9 -0.0942 0.0265 -0.0779 0.0181 -0.0727 0.0163
20 9 5 06911 18593 13707 3.0154 05168 1.6183
7 0.1268  0.3660 0.3009 0.3785 0.0307 0.3353
9 -0.0475 0.0067 -0.0431 0.0055 -0.0410 0.0050
30 9 5 0.4604  1.1594 0.9389 1.7127 0.3585  1.0572
7 0.0833  0.2471 0.2050 0.2527 0.0185  0.2330
9 -0.0314 0.0029 -0.0294 0.0025 -0.0284 0.0024
40 9 5 0.3519 0.8922 0.7205 1.2152 0.2811 0.8356
7 00646 0.1968 0.1578 0.1994 0.0156 0.1884
9 -0.0252 0.0019 -0.0240 0.0017 -0.0234 0.0016
50 9 5 0.2714 07070 0.5715 09117 0.2174 0.6726
7 00462 0.1616 0.1221 0.1623 0.0070  0.1565
9 -0.0205 0.0012 -0.0197 0.0011 -0.0193 0.0010
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